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PREFACE 


Under the title of Infinite Processes, I have included 
the subjects of Infinite Sequences, Infinite Series, Infinite 
Products, Infinite Continued Fractions, Infinite Determi- 
nants, and Infinite Integrals. The theory of convergence 
of infinite forms is of the greatest importance in the study 
of modern mathematical analysis. Notwithstanding its 
importance, no suitable introductory text-book on the sub- 
ject is available. It was to fill this need that this book was 
written. The book is planned for an introductory course, 
giving the more important conceptions and propositions of 
the field of infinite processes, in sufficient detail to be intelli- 
gible to a beginner in the subject, and serving as an intro- 
duction to a more detailed and complete study of the special 
fields. No attempt has been made to go deeply into any 

particular aspect of the various subjects; the aim has been 
merely to present the fundamental ideas at the basis of the 
special subjects. The references at the end of each chapter 
will guide the student into further study of any particular 
topic. 

The only prerequisite for the study of this book is a good 
course in the Calculus. It is suitable, therefore, for use 
either in advanced undergraduate courses, or in graduate 
courses. ‘The material included covers not only the usual. 
discussion of infinite series and products and their conver- 
gence and manipulations, but also the more important con- 
ceptions and propositions in the less familiar fields of infinite 
continued fractions, infinite determinants, infinite integrals, 
Dirichlet series, Fourier series, asymptotic and summable 
series, and in a final chapter, the definitions and a few 
fundamental properties of the more important higher tran- 
scendental functions defined by infinite processes. 
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vi PREFACE 


I am indebted for material to many sources, but 
particularly to Pierpont’s “Theory of Functions of Real 
Variables,’”’ Bromwich’s ‘‘Theory of Infinite Series,’ and 
Whittaker and Watson’s ‘Modern Analysis.” 


Luoyp L. SMaIL. 
UNIVERSITY OF WASHINGTON, 
May, 1923. 
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ELEMENTS OF THE 
THEORY OF INFINITE PROCESSES 


CHAPTER I 
INFINITE AGGREGATES 


1. Infinite Aggregate——An aggregate of numbers is a 
collection or set of real or complex numbers. An aggregate 
is defined when a law or rule is given by which it is deter- 
mined whether any given number belongs to the aggregate. 
An infinite aggregate is one which contains an unlimited 
number of elements. 

By virtue of the one-to-one correspondence between the 
real numbers and the points of a straight line,! we may 
represent real numbers by points of a straight line, and 
complex numbers by points of a plane, and we may use the 
terms “number” and ‘‘point’’ interchangeably. 

2. Bounded Aggregate.—An aggregate of real numbers is 
said to be bounded above when a number N can be found such 
that for every element x of the aggregate, wehavex< N. We 
say that the aggregate is bounded below when a number M 
can be found such that x > M for every element x of the aggre- 
gate. An aggregate is called simply bounded when it is 
bounded above and below. An aggregate is unbounded 
when it is not possible to find such numbers M and N. 
When the aggregate is unbounded above, for every positive 
number G, as large as we please, there are elements of 
the aggregate which are > G; and when the aggregate is 
unbounded below, there are elements of the aggregate which 
are < —G. 

18ee Pimmrpont, “Theory of Functions of Real Variables,” vol. I, 


pp. 78-79. 
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An aggregate of complex numbers is said to be bounded 
when it is possible to enclose all the points of the aggregate 
within a circle of finite radius with center at the origin; or 
in other words, when it is possible to find a positive number 
p such that the absolute values of all the numbers of the 
aggregate are less than p: for every complex element z of 
the aggregate, we have lel< p. If there exist points of the 
aggregate outside every circle of radius however great about 
the origin, then the aggregate is unbounded. Evidently, if 
the elements z of the aggregate are of the form z = x + ty, 
then the aggregates of real elements x and y are bounded 
when the complex aggregate is bounded. 

Examples.—The set of all positive proper fractions is a 
bounded aggregate; the set of all positive integers is an 
aggregate bounded below but unbounded above; and the set 
of all irrational numbers is an unbounded aggregate. 

3. Theorem.—Let E, und Ey, be two aggregates of real 
numbers, satisfying the following conditions: 

1° Every number of EL, 1s < every number of Eo; 

2° For any real number «€ > 0, however small, there exist 
elements e, in Ey and eg in Me such that eg — ei <e. Then 
these two aggregates determine a real number a. 

For, let us put all rational numbers which are S$ a number 
of #, in a class A,, and all rational numbers which are = 
a number of EH», in a class A». 

First, suppose there is no rational number which is not in 
either A, or Az. Then every rational number is classified, 
and we have a separation or Dedekind cut (Ai, Ae) defining 
a real number,! which is the number a of the theorem. 

Next, suppose that there is one and only one rational 
number ¢ which is not in either A; or A». If we put this 
tational number c in either Ai or Az, we again have a 


1 According to the Dedekind theory of irrational numbers, if we 
separate all the rational numbers into two classes A1, A2, such that: 
(1) every rational number belongs to A: or A», and (2) every number of 
Ai is < every number of A:, then this separation or so-called “cut? 
(A1, Az) defines a real number, rational or irrational depending on 


§4] INFINITE AGGREGATES 3 


separation of all the rational numbers; this cut defines the 
rational number c, which is the number a of the theorem. 

Finally, suppose there are two distinct rational numbers 
c; and ¢2 which do not belong to either A, or Ao. Then cy 
and c, are > every element e; of EH; and are < every 
element ¢2 of H2. Let e’; and e’s be chosen so that e’, — e’; 
=e PEN ACIP 1,0 Co > 1 1, Cr <.e's, Co < 6'o,.°80 vthat 
lex — co] < e’2 — e’1 <e. But since e« can be chosen 
arbitrarily small, this last inequality is impossible if c, and 
C2 are distinct numbers. It follows that two such numbers 
C; and C2 cannot exist. ; 

Hence, we have shown that in every case the two aggre- 
gates EH; and EF determine a unique real number a. 

4. Limiting Point.—By a limiting point of an aggregate, 
we mean a point about which an infinite number of points of 
the aggregate cluster. In more precise arithmetic terms, 
a point Zo is said to be a limiting point of an aggregate E wf for 
every € > 0, however small, there are an infinite number of 
elements z of E such that |g — z| <. 

Geometrically, for 2) to be a limiting point of a real 
aggregate, there must be an infinite number of points x of 
the aggregate in every interval about the point xo, however 
small; and for 2, to be a limiting point of a complex aggre- 
gate, there must be an infinite number of points z in every 
circle, however small, about Zo as center. 

Examples.—The aggregate of numbers 1, 14, 14, \%, 


3 ae, . . . . has the limiting point0. Theaggregate 
of numbers 144, —%, 34, —%, 56, —%, . . . . has the 


limiting points +1, —1. 


whether class A; has a greatest or class Az a least number, or neither 
have a greatest or least number. 

'- For a detailed discussion of irrational numbers, see Hosson, 
“Theory of Functions of a Real Variable,” chap. I, or Carsuaw, 
“Fourier’s Series and Fourier’s Integrals,’”’ chap. I, or Pirzrpont, 
“Theory of Functions of Real Variables,”’ vol. I, chap. I, or Fivu, 
“College Algebra.” 


wv 
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5. The Bolzano-Weierstrass Theorem.—Kvery houndeae a, 


infinite aggregate has at least one limiting point. } 

Consider first the case of a real aggregate LH. 

Since the aggregate H is bounded, numbers M and N 
can be found such that M <2 < WN for every z in #, 
Divide the interval (M, N) into two equal parts by the 
middle point 44 (M +N); in at least one of these parts 
there must be an infinite number of elements of #; if there is 
only one such interval, denote it by (a, 61), and if there are 
two such parts, denote either one of them by (ai, 61). 
Then bisect the interval (ai, 61), and in at least one of the 
halves there must be an infinite number of elements of H; 
denote this interval by (ae, B2). Bisect (a2, Be), and again 
there must be an infinite number of elements of EH in one of 
these halves, call it (a3, 63). Continue this bisection 
indefinitely, and we obtain an infinite set of intervals 


(or, "B1); (aay Bo), (es, Ba), 8 8 


&, a3 Bs fi 
M = a 
2 4 Fg Ps N 
Bree. 


each of which is half the preceding and contains all the 
following intervals. This set of intervals gives us two 
infinite sets of points, the end-points of the intervals: 
the aggregate ai, a2, a3, . . . (call it #1), and the aggre- 
gate 61, Bo, Bs, . . . (call it H.). Now these aggregates 
evidently satisfy the conditions of Art. 3, for 

Nea. 

on 


Brn = 


Hence, the two aggregates H, and H, determine a point 29, 
say, and about this point an infinite number of elements of H 
cluster, for this point lies in all the intervals (a1, 81), (a2, Be), 
(a3, B83), . - - Hence, this point x is a limiting point of EF. 
Thus, every bounded real aggregate has at least one limiting 
point. There is nothing in the above demonstration to 
prevent the aggregate from having more than this one 
fimiting point. 
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Turning now to the case of a complex aggregate, the 
theorem may be proved by a method precisely similar to 
that for real aggregates just given, using rectangles instead 
of intervals. The given aggregate, being bounded, can be 
enclosed in a rectangle with sides parallel to the real and 
imaginary axes. Divide this rectangle into four equal 
rectangles by lines parallel to the sides, and continue this 
subdivision into fourths, just as before the successive inter- 
vals were bisected. In at least one of each of these succes- 
sive sets of rectangles there are an infinite number of points 
of the aggregate, and these rectangles containing an infinite 
number of such points determine a point which will be a 
limiting point of the given aggregate. 

6. Theorem.—/f the real aggregate E 1s bounded above, 
there exists a number B such that A 

1° No number of E is > B; ee 

2° Whatever be the number m y B, however small the 
difference between m and B, there is at least one element of E 
which is > m. 

If the real aggregate E ts bounded below, there exists a 
number B such that 

3° No number of E is < B; 

4° Whatever be the number n > B, however small ‘the 
difference between n and B, there is at least one element of E 
PrIicnis <n. 

Consider first the case where £ is bounded above. 

If the aggregate has a greatest element, this is evidently 
the number B of our theorem. 

If # has no greatest element, we determine the number 
Bas follows. Make a cut in the rational number system by 
putting in the lower class all rational numbers which are < 
a number of #, and in the upper class all rational numbers 
which are > the numbers of H. There must exist numbers 
in the upper class since # is bounded above. We proceed to 
show that this cut defines a number which satisfies the 
conditions of the theorem, 
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First, the lower class has no greatest number. For let a 
be any number of the lower class; then either a is < a 
number e of E or it is equal to a number e’ of E. Suppose 
first that a < e; then the rational numbers between a and e 
belong to the lower class, and hence a cannot be the greatest 
number of the lower class. Suppose next that a = e’; 
since EZ has no greatest element, we can find in # a number 
e’’ > e’, and then the rational numbers between e’ (=a) 
and e’’ must belong to the lower class, and again a cannot be 
the greatest element of the lower class. Hence, the lower 
class has no greatest number. 

If the upper class has a least number, this rational num- 
ber is the number defined by the cut. If, however, the 
upper class has no least number, then this cut defines an 
irrational number. In either case, then, the cut defines a 
real number. Calling this number B, we shall now show 
that it satisfies the conditions 1° and 2° of our theorem. 

Since B is > any number of the lower class, and if e 
is any element of H, we can find a number of the lower class 
which is > e, it follows that there is no number of H which 
is > B, so that condition 1° is satisfied. 

Now let m be any number < B, but as near B as we 
please. Since the lower class contains the rational numbers 
< B, there must be a number a of the lower class which is 
>m. Therefore, by our former argument, there must be a 
number e of H which is > a and therefore is >m. Hence, 
condition 2° is satisfied. 

The case of # bounded below can be treated in a precisely 
similar manner. 

7. Upper and Lower Bounds of a Real Aggregate.—These 
numbers B and B are called the upper bound and lower 
bound, respectively, of the aggregate H, and may be 
denoted by B(Z) and B(£), when we wish to indicate the 
aggregate to which they belong. Their definition may be 
stated as follows: 
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The upper bound of a real aggregate E which is bounded 
above 1s the number B (whose existence has just been proved), 
which satisfies the following conditions: 

1° No element of E is > B; 

2° If « be any positive number, as small as we please, 
there is at least one element of E which is > B — e. 

The lower bound of a real aggregate E which is bounded 
below ts the number B (whose existence has just been proved), 
which satisfies the following conditions: 

3° No element of E is < B; 

4° If « be any positive number, as small as we please, 
there vs at least one element of EH whichis < B + «. 

The upper and lower bounds are sometimes referred to 
together as the extreme bounds of the aggregate. 

If the aggregate has a greatest number, this is evidently 
the upper bound, and it is then called the maximum of the 
aggregate. If the aggregate has a least number, this is the 
lower bound, and it is called the minimum of the aggregate. 
We may denote them by Max(F), and Min(£), 


respectively. 
il 
Examples.—(1) The aggregate of numbers 0, 5) 3” ‘ 


bo 


n—1 
Sas 


ss . has the upper bound B = 1 and 
lower bound B = 0 (the minimum). This example shows 
that the upper bound need not belong to the BEETOn ANE 

(2) The aggregate of numbers —1, +44, —14,+14,.. ., 


(—1)” 5 . . . has the lower bound B = —1 and upper 


bound B = \%, both of which are attained; here —1 is the 
minimum and )% is the maximum. 

8. Limiting Points and Bounds of a Real Aggregate.— 
By the Bolzano-Weierstrass theorem of Art. 5, every 
bounded infinite aggregate has at least one limiting point. 
An aggregate may, however, have more than one limiting 
point; it may in fact have an infinite number, 
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1 
Examples.—The aggregate of numbers of the type pi 


ogee le Batra. ) has one limiting point 0. The 
aggregate 12, 1%, 3%, ie 34, 6, 4%, . . - has the two 
limiting points 0 and-t.. The aggregate of numbers of the 


type + ++ (m,. %. = Aye 2ieBy < tea hase ae 


ieee i 1 
number of limiting points, of the type . (4 = 2 eae 


Evidently, if B and B are the upper and lower bounds 
of the aggregate, the limiting peints-must fall in the closed 
interval (B, B); by closed interval (B, B), we mean the set 
of points x such that B < a < B, while by an open interval 
(B, B), we mean the set of points x such that Be <p eR, 

The limiting points of an aggregate may or may not 
belong to the aggregate. In the examples above, the 
limiting points do not belong to the aggregate; in the 
aggregate 1, 14, 24, 34, 4%, 56, . . . , the limiting point 1 
does belong to the aggregate. The system of real numbers 
is an aggregate in which each element is a limiting point. 

9. Theorem.—If the upper bound (or lower bound) of 
an aggregate does not itself belong to the aggregate, then it is © 
a limiting point of the aggregate. 

For, if the upper bound B is not an element of the aggre- 
gate H, then by definition of upper bound, there are an 
infinite number of elements of HE between B and B — «, 
however small e, for if there were only a finite number of 
them, then the greatest of them would be the upper bound of 
E; and hence B will be a limiting point of E. Similarly 
for the lower bound. 

Example.—The aggregate 0, 14, 24, 34, 46, . . . has 
the upper bound 1, which does not belong to the aggregate, 
but which is a limiting point. 

The upper bound (or lower bound) may be a limiting point 
of the aggregate even when it peleneyy to the aggregate, as, 

for example, in the aggregate 0, 14, 14, 4, 
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10. Derived Aggregate of a Given Aggregate.—The 
aggregate E’ made up of all the limiting points of a given 
aggregate E is called the derived aggregate of E. It may 
contain one point, a finite number of points, or an infinite 
number of points. 


Examples.—For the aggregate 1, 14, 14 1 A Fen Sak os 
aks of the one point 0; for the aggregate 0, 14, 14, 24, 14, 
PAYG Wed oe, EB! aie of the two points 0 and 1; 

: 1 
while the aggregate 7 ae 4 in eal 2, Bt es) hastor 


; : 1 
its derived aggregate the set of numbers H (n =i, 2, 3, 


. ), which forms an infinite aggregate. 
11. Theorem.—If EH’ 1s the derived aggregate of a bounded 
aggregate E, then every limiting point of HK’ belongs to E’. 
For, let «€ be any arbitrarily small positive number; 
then if a is a limiting point of EH’, by definition, we can 


find an element 6 of E’ such that |a — b| < > But since 


b is an element of HL’ different from a, it is a limiting point 
of # different from a, and hence there must be an infinite 


number of elements e of E such that |b — e] < a From 


these two inequalities we get by addition, la =<" 
for an infinite number of elements e, which shows that a 
is a limiting point of # and therefore belongs to EH’. 

12. Theorem.—/If E’ is the derived aggregate of a bounded 
real aggregate E, then E’ has an upper bound, B’ say, which 
belongs to E’; that is, the wpper bound B’ of E' is the maximum 
of E’; and also the lower bound B’ of E’ is the minimum 
of E’. ff 

For, if the upper bound B’ of EB’ did not belong to EH’, 
it would be a limiting point of HE’ (Art. 9), and then By 
Art. 11 it would belong to E’, contrary to hypothesis. 
That the aggregate H’ has an upper bound B’ is evident 
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since a limiting point of H cannot exceed the upper bound of 
E, and hence E’ is bounded. 

Similarly for the lower bound. 

13. Upper and Lower Limits of a Bounded Real Aggre- 
gate.—The upper bound B’ of the derived aggregate E’ of a 
given bounded real aggregate E, that is, the maximum limating 
point of E, is called the upper limit of E; and the lower bound 
B’ of the derived aggregate E’, or the minimum limiting point 
of E, is called the lower limit of EL. 

The upper and lower limits of an aggregate are together 
called the extreme limits. 

The upper limit of Z may be denoted by L(E), and the 
lower limit by L(£). 

Every bounded real ageregate has an upper limit and a 
lower limit. 


Examples.—(1) For the aggregate 1+ (=1)2-2 =i 


(n = 1, 2,3, .-... ), we have B = 2, B = 0, the limiting 
points are 0, 2, and hence L = 2,L = 0. In this case, the 
upper bound and limit, and lower bound and limit coincide 
respectively. 

n— 1 


(2) For the aggregate 1 + + (-—1)": F Cees ee 


Oye hak )p We have Bre 2, B =0, the limiting points 
are 2 and 0, and hence L = 2, L = 0. 


1 om 
(3) For the aggregate (-y( + = we have B = 2, 


= -% L= 1,£2= —1. 
Sie Theorem.—The upper and lower limits L and L of 
- a bounded real aggregate E possess the following properties: 
If ¢, € are any arbitrarily small positive numbers, then 
i Re Phere are only a finite number of elements x of E such 
ihatx >L +e, 2 a ees 
2° There are an infinite number of elements x of E such that 
> Lie, x < Live! 


815] INFINITE AGGREGATES 11 


Consider the upper limit Z. There can only be a finite 
number of elements x of E which are > L + e«, for other- 
wise there would be a limiting point of EH in the interval 
(L + «, B), and hence a number of E’ which is > L, which 
is impossible since L is the maximum element of E’.. On the 
other hand, there aré an infinite number of elements of EZ 
which are > L — e’, since L is a limiting point of HZ, and 
hence there must be an infinite number of elements of H 
in the interval (L — ¢,L +’). 

Similarly we prove the theorem for the lower limit L. 

15. Theorem.—If a bounded real aggregate E has no 
maximum or minimum, then its upper bound and upper 
limit are identical, and its lower bound and lower limit are 
tdentical. oF 

For, if H has no maximum, its upper bound B must be 
a limiting point of HE (Art. 9), and hence B must be the 
greatest limiting point of H, and therefore coincides with 
L, the upper limit, which is also the greatest limiting point. 
Similarly for the lower bound and lower limit. 
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CHAPTER II 
INFINITE SEQUENCES 


16. Infinite Sequence.—If an infinite aggregate of real or 
complex elements is such that we can establish a 1-1 correspond- 
ence between the elements of the aggregate and the set of positive 
andegers V, 2° 3,-2.3 ys Ny a... we call the sagaredems 
an infinite sequence. An infinite sequence may then be 
represented by 


Uy lag es se. bs we Sy Ula ere Uae! ie. ey 


where the w’s are real or complex numbers; or, more briefly, 
by (un). 

An infinite sequence is considered as defined when some 
law or rule is given by which we may determine the n’” term 
when the index n is assigned. 

A sequence is usually given by a formula for its n™ 
term, or by means of the first few terms, from which the n‘* 
term may be found, or by a combination of both methods. 


Examples.—(1) In the sequence .'4, —34, 94, | —%, 
n 
th 1 ——} _ n+l S 
. , the n* term is un = (—1) rac 
2 
(2) At x, aria the first few terms are 4, 44, %, 
Lee 


17. Bounded Sequence.—An infinite sequence is said 
to be bounded when the aggregate made up of the distinct 
terms of the sequence is bounded. Every bounded real 
sequence must have an upper bound and a lower bound, 
and if B and B are these bounds, they possess the 
following properties: 

12 


4 
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1° For no index n is rae : B nor Un < B; 

2° For at least one index n, tn > B— e€and Un < B+ €, 
however small « > 0 may be. em 

The aggregate of distinct terms of a bounded sequence 
must have at least one limiting point (Art. 5), and this 
limiting point is called a limiting point of the sequence. 

18. Extreme Limits of a Real Sequence.—The upper and 
lower limits of a sequence are the upper and lower limits 
of the corresponding aggregate; or, as we may say, they are 
the maximum and minimum limiting points of the sequence. 
Every bounded real sequence must have an upper and lower 
limit. They may be denoted by L(un) and L(un) respect- 
ively; if we wish to indicate that n is the index of the 
sequence, we write Lu, and Lu, respectively. The 


symbol Lun may be used when either of the extreme limits 
may be taken. 

The extreme limits of a bounded real sequence ‘possess 
the following properties: 

For the upper limit L: 

1° An index no can be found such that for every n > no, 


2° For infinitely many indices n, we have ~*~‘ 


4 


Un > ee 

For the lower limit L: 

3° An index n'y exists such that for every n > n'o, 
Un > L oot Ky 

4° For infinitely many indices n, we have 
Un < D+. 


These results follow directly from Art. 14. 

Some writers use the notation “lim wu,” or “lim sup un” 
for upper limit, and ‘lim u,” or “lim inf u,” for lower 
limit. 
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19. Limit of a Sequence.—/f a sequence of real or complex 
terms is bounded, and has one and only one limiting point, 
this limiting point is called the limit of the sequence. 

Suppose the sequence is (u,), and let U be its one limiting 
point. Then by definition of limiting point, for any e > 0, 
however small, we can find an infinite number of elements u,, 
of the sequence such that |U — u,| < ¢, and hence we can 
find an index »p (finite) such that for every n > », this 
inequality is satisfied. The definition of limit of a sequence 
may then be stated: 

The sequence (un) has a limit U when, for every « > 0, 
however small, a finite index v exists such that for every n > v, 


lU — u,| <e. 
We write U = L u,, or when no confusion can arise as to 
n 


which variable or index increases indefinitely, U = Lup or 
ut, — U. 

Many writers use the notation U = eae rere 16) = fe Ve 

The number U is finite for any bounded sequence. 

The following abbreviated notation! for the definition 
of limit will be found very convenient : 


e > 0, [alone Nie ve 


is to mean: for each oy ie e (as small as we please), there 
exists an index y such that |U — u,| < ¢ for every n > ». 


bel wi 1 
Examples.—(1) The sequence loa’ ee fee 
has the limit U = 0. 
Eek Qas n—1 
(2) The sequence 0, BR Ca A aaa ee . has 
the limit U = 
le Oa Fe ik 
(3) The sequence 1, Tae oa ata (—1)"+1 es 
has Lu, =.0, 


1 Due to Pirrpont, cf. his ‘“Theory of Functions of Real Variables,” 
vol. I, art. 42. 
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If wu, — U and we put |U — Url < efor n > »v, the index v 
varies with e, and increases indefinitely as e > 0, but it must 
be determinate for each positive value of «. 

20. Unbounded Sequences. Infinite Limits——Let (u,) 
be an unbounded real sequence. The following cases may 
occur: det 

(1) After a certain term, the terms wu, are all positive, 
and if G is an arbitrarily large positive number, there exists 
an index y such that for every n > v, we have uz > G. 
In this case we say that the sequence bas the limit plus 
infinity, and we write 


Lu, = +®, or Lu, = + ©, or uz +. 
n 


(2) After a certain term, the terms wu, all become negative, 
and for every G > 0, however large, an index » exists such 
‘that for every n > », we have un < —G. We say in this 
case that the sequence has the limit minus infinity, and we 
write 


Lin = —®,orLu, = — ©, or u— — ©: 


In both these cases we say that the limit is properly 
infinite. 
~ (3) The terms do not finally have the same sign, but still 
L lun = +0, that is, for every G > 0, however large, an 


index y exists such that for every n > v, we have lun] > G: 
In this case, we say that the sequence has a limit improperly 
infinite. 

In all three of these cases, we call the limits infinite 
limits. 


_Examples.—The sequences 1, 3, 5, 7, . . .., and 1}, 

2!,3!, .. . have the limit + %; the sequence —1, —4, 
—9, —16... . has the limit —; and the sequence 
1, —2, 3, —4, . . . has a limit improperly infinite. 


The preceding discussion applies only to real sequences. 
If (un) is an unbounded sequence of complex numbers, we 


. 
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have for every n > », |u»| > G, however large G > 0 may 
be. In this case, we simply say that the sequence has an 
infinite limit, or that it has the limit infinity, and write 
Lun = ©. 

It should be noted that the symbols + ” and — & are not 
- numbers, but are merely convenient symbols to express 
certain modes of variation. 

21. Graphical Representation.—Suppose that (u,) is a 
real sequence which has the limit U. 

On a horizontal axis with origin at 0, lay off the points un, 
and also the point U and on each side of U the points 


Bre, 2. 


U — eand U + eat a distance « away; these last two points 
determine an interval of length 2e, marked heavy in the 
figure, which may be called the e-interval. Then for each 
small e-interval, there must exist an index v such that the 
DOIMtS User, Uap. <4 hy bgt se ae a ee ee 
this interval. 

Another useful graphical representation is the following: 


Fie. 3. 
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With two rectangular axes OX and OY as in Analytic 
Geometry, lay off the subscripts n as abscissas and the 
values u, as ordinates, and also draw the line y = U and the 
lines y = U —e€ and y = U +e, at a distance e on each 
side, giving a horizontal band of width 2e. Then for each e 
an index v can be found such that all the points u,(n > v) 
fall within this e-band. 

22. Convergence, Divergence and Oscillation.—A_se- 
quence which has a_finite limit U is called convergent, and 
_ we say that it converges to, or tends toward, or approaches 
the limit U. 

We may put this definition in the form: 

A sequence (Un) ts convergent when a finite number U exists 
such that, for any e > 0, however small, an index v can be 
found such that for every n > v, we have |U — ul < e. 

A sequence which has an infinite limit is called divergent. 
If the limit is properly infinite, we say that the sequence is 
_ properly divergent, and if the limit is improperly infinite, we 
say that the sequence is improperly divergent. For every 
divergent sequence (un), we have Llu,| = +. 


A sequence which is neither convergent nor divergent is 


called oscillating. Such a sequence cannot have'a limit, but 
its terms oscillate between certain values. Such a sequence 
can only occur among bounded sequences. 

Examples.—(1) The sequence 14, 34, 7%, 154.6, . . . is 
convergent and approaches the limit 1. 

(2) The sequence 1, 3, 5, 7, . . . is properly divergent, 
and 1, —3, 5, —7, . . . is improperly divergent. 

(3) The sequence 1, 0, 1, 0, 1, 0, . . . is oscillating, 
oscillating between the upper and lower bounds 1 and 0. 
The sequence 0, —4, 24, —34,%, . . . oscillates between 
+1 and —1. 

Some writers use the term “divergent” for all non- 
convergent sequences. 

23. Remark on the Definition of Limit.—In the defini- 
tion of limit, it is to be especially noted that the inequality 


> 


Cz 
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|U = Un |< e must be satisfied for every n > v. It is not 
sufficient to be able merely to find a value of n which will 
make |U - Un as small as we please, but this inequality 
must be satisfied for all subsequent values of n. This is 
illustrated by taking the sequence 4, 14, 3%, 14, 34, \%, 
44, . . . , in which, by taking n large enough, we can 
find a term which is as small as we please, but this is not 
true for all following values of n, odd and even; in fact, the 
sequence oscillates between 0 and 1, and has no limit. 

24. Theorem.—If the elements of the sequence (un) are 
complex numbers Un = On + thn, the necessary and sufficient 
condition for the convergence of the complex sequence (Un) 
is that the two real sequences (an) and (bn) both converge; and if 
La, =A and Log = B, then lu, = A+B: 

For, if the complex sequence (u,) is convergent, with 
limit A +7B, we have by definition, for every « > 0, 


however small, Q ae - 
(A + 7B) — (an + idn)| <e 


for every n > v. But since 
|(A + iB) — (a, + ib,)| = V(A — a,)? + (B— },)?, 


we have 


V/ (Al a)? + (BS ee So: 
Neither |A — a,| nor |B — b,| can be greater than 
Vali Geer) 


so that 
|A —a,|<«, |B—}b| <¢ n>», 


and it follows from this that both sequences (d,) and (bn) 
converge with limits A and B respectively. Thus the 
condition is necessary. 

If, conversely, the sequences (a,) and (b,) are both con- 
vergent with limits A and B respectively, we have 


e>0,7,4—a| <5 |B bl <5) ND: Lv; 
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and therefore 


(A eae - = + 8) <|A - i + |B —- bl <«, 
1 {i > py. 


Hence, the sequence (a + 7b,) converges to the limit 
A + 7B, and the condition is sufficient. 

25. Theorem.—If the real sequence (Un) ts improperly 7 
divergent, its positive and negative terms each form properly 
divergent sequences whose limits are respectively + “and — ©. 

For, Jet (an) be the sequence of positive terms of (un) 
and (b,) the sequence of negative terms. Then we have 


G> 0,7, ful > G,n > », 


however large G may be; hence an index »v’ can be ‘ou 
such that 
te GG Vax Gr, 


for every n > v’, and hence 
= +o, lb, = —®, 


26. General Principle of Convergence.—The application 
of the general definition of convergence to the terms of a 
given sequence involves a knowledge of the limit U; and 
therefore it is not adapted to use in general. The following 
important theorem, called! the general principle of conver- 
gence, gives a criterion for the existence of a limit which is 
better adapted for practical use since it does not involve a 
knowledge of the limit itself, but only of the terms of the 
sequence. 

Theorem.—<A necessary and sufficient condition for the 
convergence of a sequence (un) ts that, for any « > 0, as small 
as we please, a finite index v exists such that unsp — Un <e 
for every n > v, and for every value of p. 

To prove this condition necessary, suppose that the 
sequence (un) converges to the limit U, then 


e> 0,9, 10 — ul <5 0 >» 


1 After P. pu Bors-REYMoND, 


20 THEORY OF INFINITE PROCESSES [§26 


But V : 
Othe oc Un: tage a Dice (OE — ha) 
be Verein hee — Ul ee lU = Ul 


€ é 
Seite es 


for every n > v and for every p, so that |unip — un| < 
for every n > v and for every p. Thus the condition is 
necessary. 

To prove the condition sufficient, if we suppose first that 
the sequence has an infinite number of terms equal to one 
another, =U say, then if |unpp — Ul <¢ forn >», p= 
1,2,3, . . ., we may take un,, = U for some value of p, 
and then we have |U — u,| < , n > », so that in this case 
the sequence converges to the limit U. 

If there are not an infinite number of terms of the 
sequence equal to one another, it contains an infinite num- 
ber of distinct terms which form an infinite aggregate H. 
This aggregate is bounded. For, since |uny»— tal <¢, 
nie ea 1)-2,.3, 2's "2 Swe‘can write 


Un —"€ < Whee Un Te, 


which shows that all the terms of the sequence, except the 
first v, are contained in the interval (u, — «, u, +). Then, 
since the aggregate is bounded, it must have at least one 
limiting point within this interval (u, + «), by Art. 5. 
There cannot be two such limiting points U and U’, since 
the distance between these two points could be at most 2e, 
and e can be chosen as small as we please. 

Hence, the aggregate EH has one and only one limiting 
point, and by definition of limit, the sequence (u,) has a 
limit and is convergent. Thus the condition is sufficient. 

This proof applies only to real sequences. For complex 
sequences the proof follows directly from the result just 
demonstrated by applying Art. 24. 

This fundamental theorem was first given by Bolzano, 
and somewhat later was stated again by Cauchy and by 
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Abel. It was for a long time accepted as self-evident; and 
it was only rigorously proved when a systematic theory of 
irrational numbers was built up. 
27. Monotonic Sequences.—A real sequence (wn) each of 
whose terms is greater than the preceding, that is, such that 
Un <Un41 for every -n, is called an increasing sequence. 
If each term is less than the preceding, that is, Un > Un41 
for every n, the sequence is called a decreasing sequence. 
In either case it is called univariant. - 
If Un S< Uns for every n, the sequence is called monotonic 
increasing. If wn, 2 Un41for every n, the sequence is called 
monotonic decreasing. In either case it is called monotonic. 
Examples.—(1) The sequence 0, 4, 24, 34, 46, . 


is increasing, (2) the sequence 1, 14, 14,1K, . . . is decreas- 
: yee VRE eee 5 
ing, (3) the sequence le, 48, 34, %, 46, 76» %) - - 1S 
monotonic increasing, and (4) the sequence 1, 14, 14, 14, 
4,4, %4,k, , . . . is monotonic decreasing. 

28. Theorem.—A bounded monotonic sequence is always 
convergent. 


In the proof, we can evidently restrict ourselves to the 
case of a monotonic increasing sequence, for if we change the 
signs of the terms of a monotonic decreasing sequence, we 
obtain a monotonic increasing sequence. 

Suppose then that the sequence (u,) is monotonic increas- 
ing and bounded above, then, since it is bounded, it has an 
upper bound, =U say. By definition of upper bound, there 
is a term of the sequence, say u,, which is > U —e, 
_ however small « > 0, since the sequence evidently cannot 

have a greatest term. Then, since the sequence is mono- 
tonic increasing, all the terms after wu, must be 2 U — e and 
< U, hence lie in the interval (U — ¢, U). 


J. ([U — u| <n > », 


and the sequence is convergent with limit U. 
29. Theorem.—An unbounded monotonic sequence is 


properly divergent. 


22 THEORY OF INFINITE PROCESSES [§30 


As before, consider the case of the monotonic increasing 
sequence. This sequence cannot be oscillating or conver- 
gent since it is unbounded, and it cannot be improperly 
divergent since the terms of the sequence must ulti- 
mately be all positive, hence the sequence must be properly 
divergent. 

30. Limit, Extreme Limits and Bounds.—By Art. 15, the 
upper limit of a sequence will coincide with the upper bound 
except when the upper bound is also the greatest term of the 
sequence. Similarly for lower limit and lower bound. 

_ If the upper and lower limits of a sequence are equal, 
L =L, then this common value, U say, is the limit of the 
sequence. For, in this case, for every n > no we have uz < 
U +. and also uz, > U — e (Art. 18), and hence U —e < 
Un < U +6,” > no, so that U is the limit of (un). Hence, 
if Lu, = Lu, = U, then U = Lun, and (un) is convergent. 

If the upper and lower limits of a bounded sequence are 

not equal, then the sequence is oscillating. 
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CHAPTER III 
THEORY OF LIMITS 


¥ 31. Operations with Limits. Theorem.—I/f Lu, = U 
and Lu, = V, then 


Line en) ee = V7, 
For, 
(U + V) — (un + »)| =|(U — un)  (V — »,)| 
<|U — u,| +|V — ol; 


and since u, — U, we have 
Lh 


(a) € > 0, vy U — unl <5 0 > vy 
and since v, — V, we have 
(b) > 0, IV — ml <p n> v2, 
and if we choose pv > 11, v2, we get by adding (a) and (b), 
ea Oe ty) am a = 6 1 Y, 

which proves our theorem. 

32. Theorem.—If Lu, = U and Lv, = V, then 

LU 04) =U Vs 
For, 
UV — Untn = UV — rm) + 0n(U — Un), 


and 
(@) [UV — urn] £|0|-|V — onl + ool -|U — wl 


Since v, — V, we have 


(0) ll <9, 0 > r4, 
23 
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where g is some finite constant, for otherwise the sequence 
would be unbounded and could not have a finite limit. 
We have also, since v, — V, 


( 2 

(c) lV Vn| << Or n > V2; 
and since u, — U, 

(d) |U — ul < 390 > ms. 


By taking v > »1, v2, v3, we can use this v for all three 
inequalities (b) — (d). Then (a) gives 


JUV — und»l < |UI- =eEn>r, 


€ € € 
BO 92g ~ 2 
which proves the theorem. 

33. Theorem.—If Lu, = U and Lv, = V, and if vn ¥0 


and V # 0, then 
For, we can write 


eye oo Up = Vir fe (Uv, — UV) + (UV — Vu,) 


V0, V+ 0p View 
ibs U(0n as; V) U = Un. 
Pia an a Vn 
U A |U| 3 |U — u,| 
@ 4s fbn n+ ou 
) V Val — [V]-wal l I+ on| 


Since V ~ 0, we have \V| > 0. Let h be a real number 
such that 0 < h <|V|. Then an index »’ can be found such 
that 


(b) b.| >A for n> vy’, 
since v, = 0. Since v, — V and u, — U, we have 


IVs 
2 i 


(d) e> 0, , IU — ul < Son > ve. 


(c) €> 0, Vi, \V i Vnl << 
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Taking v > 71, v2, v’, we get from (a) — (d): 
Ute: |U| Vk ia et € 

V Vn \Vj.h 2|0| pa Den <Q 
from which our theorem follows. 


34. Fundamental. Limit Theorem.—The results of Arts. 
31-33 may be summarized and written: 


<< 


€ 
T9 


=€6n > yp, 


(a) Ein.) = bu, + Loy, 

(b) Pa, <0, a= Lap Li, 

if the sequences (u,) and (v,) are convergent, and 
TES RIP 

©) LS) sae 


if the sequences (wn) and (v,) are convergent and if Lv, ¥ 0 
and every v, ~ 0. 
By combination of these results, we arrive at the general 
Theorem.—If f denotes any finite combination of the four 
elementary (rational) operations, 1. ¢., if f is any rational func- 
tion, and (un), (Un), (Wn), . . . are convergent sequences, 
and if no zero divisor occurs in f, then 


PU pts oe dns LUe, LADny\ sea) 


35. Limit of Quotient.—If the sequence (u,) is conver- 
gent (with a finite limit) and v, 0, we cannot infer that 


G vn _ © without first showing that = has a fixed sign. 


This may be illustrated by taking u, =1 and », = 
i Un Un 
(—1)"-: 7? 8° that v, — 0, but Paes (—1)”-n,and hence Ps 
oscillates between + © and — ©, and so is improperly 
divergent. 


If un, — 0 and v,—>0, the quotient" may or may not have 


a limit. 
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1 1 
This {s illustrated by taking uz = =), = (—1)" =) 80 
that e = (—1)”, which oscillates. 


If (un) diverges, say Un— + ©, and (v,) converges, 
say to a positive limit, it is easy to see that 


Un On 
(Un =F On) — Oi Unni) yeaa pra ea! 
n n 


the only case of exception arising when v, — 0, and then the 


sequences U,V, and < both need special discussion. 


n 


If both (wn) and (v,) diverge to ©, we have 


(tin + Un) > ©, (tUatn) —> 99, 
but both (wz — v,) and (=) have to be specially examined. 


36. Theorem.—If sequences (un) and (vn) are convergent, 
and tf Lun > Lon, then an index v exists such that Un > Un 
for every n > v. Conversely, tf Un < Un for every n (or for 
every n > some v), and af the sequences (Un) and (vn) are 
convergent, then Lun < Lyn. 

For, if Lun > Lyn, we can find a number k between 
these limits, and if Lu, > k, we can find n sufficiently 
large, say n > v1, such that u, > k, and similarly if Lo, < 
k, we can find v2 such that v, < k for every n > vs, and 
hence we have u, > vn for n > v, where v > 1, vo. 

But if when wz < vz, we should assume that Lun, > Lop, 
then it would follow from the preceding that wz > vn, 
contrary to hypothesis. 

One might be tempted to conclude from un < vn that 
Lu, < Lv,, but the difference v, — un, although always 
positive, may — 0, so that the only correct conclusion is 
Lain S& Lyn. 

37. Theorem.—If un 2 vn for every n, and if Lv, = +, 
then Lu, = +, 
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ou LY 


For, by hypothesis, 4)" : 
GS 0, », een n>», 


and since un = vp, we have 


GG > 0, 7, Un > Gin >-9, 
and therefore u, — + ®. 
38. Cauchy-Stolz Theorem.—If (un) is any real sequence, 
and tf (Un) ts an increasing positive sequence with the limit 
+o, and if the limit 


(a) pt =] 
Unt1 — Un 


exists, finite or infinite, then the limit L ie exists = I: 


n 


PRC, peer ta 


On Un+1 ES 
1° :1 finite. 
If we write Ae’ 
Be Oe te Pe Raa ee 
/ OA =e U5 


since (v;+1 — 2;) is positive, we have 
a €) (vig — Uj) < Ug — Us < (1 + €)(0i41 — 4), 
and substituting in place of 7 the values n — 1, n — 2, 
,m +1, m(m 2 »v), and adding, we get 
(1 — €)(Un — Um) Ue Una ol ate €)\ Og = Om), WA 
pod since ¥, > 0, ~ qv 
qy 


Um 


rane a o(1- ts) + <*<d+o(1-%)+%. 


Since v, -> se we get by keeping m fixed and letting “ ay 


n—> ©, 
H{0-J0-B) +i} -1-6 
US) en) as ad ae 
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Hence, fe ges 


But these upper and lower limits are independent of m and 
of «, so that the inequalities can only be true if each of 
these extreme limits is equal to 1: 


Det ee 
= Ox ae 
so that we have 
cL ae | 
207 


° :linfinite, 1 = +0, 
We have here, however great G > 0 may be, 


Un41 — U 
“ “">G,n>¥», 
One Un 
or 
Unti — Un > Gri — Vn). 


Substituting for n the values m,m-+1,...,m+p-—1 
(m > v), in succession, and adding, we get 


Untp — Um > GUmip — oe 
Sete > Se + (1 — =). 
Um+p i ae Um+p 
As p —®, with m fixed, the limit of the right-hand side 
is G, so that er \ P 
[oe > G , JWws ° D 
: Um+p ae 


and since this lower limit is independent of m and of G. we 
have 


U 
ay eee C6, 


n Un 


39. Theorem.—If Lu, = U (finite or infinite), then 
1 
La bua bob Un) = U, 


§40] THEORY OF LIMITS ‘ 29 
. ey aie 
For, if we put sate 


Un <wtut ae + tn. We 
then U, — U3 = Un, ‘and we ‘may write | 
Has Ue "a4 Uni 
"“—n— (n—1) 
By the Cauchy-Stolz theorem, we then have 
pieayy 
n 
or 
1 
L (ur + ue + ot eset) = UO = Du. 


40. Cesdro’s Theorem.—/f Lu, = U and Iv, = V, then 
L (uit, + Un t+. . . + Uni) = UV. 
Since Lu, = U and Lv, = V, we can find a positive 
number A such that for every n, 
(a) [un] < A, |onl < A. 
By Art. 32, Lunv, = UV, so that 


(0) e > 0, p’; [Untn — UV| < e n> p'. 


Now 
lusts — UV| S Jung — Uaral + lua — UV 
Sua: be — Yal + [ata — UV). 


By (a), lu. < A for every a. Since v, — V, by the general 
principle of convergence (Art. 26), we can find p’’ such that 
for B > p”’, a > p”’, we have 

; cas 
(c) lve A. Vel << 9A 


By (6), 
Wlglat OW x . a> p’. 


7 
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Hence, 
€ 


€ 
(d) [wave — UV) < A-aU +5<é 


for a, B > p, where p > p’, p”. 
(e) Ug = UV + 6, 


where lo| <1, and ap =D, 
Now let us choose n > 2p, and divide the sum 


Un + Utn-1 t+. ~~ + Un—1¥2 1 Und1 


into three parts: 


Un + Uetn-1 t+ . . . + UpYn—py (p terms), 
UsiWa—p +. - » + Un—plpii. (nm — 2p terms); 
Ug eeilp ta ce + ete ght (p terms). 


The sum of the first and third parts is, in absolute value, 
<2pA?, since each term is <A? in absolute value by (a), 
and there are 2p such terms; we can then represent their 
sum by 


(f) 20’pA?, |o'| < 1. 
For the second part, we have by (e), 
@=ptl 
a=n-—p 
(9) >, (Uap) = UppiYn—p + - - - + Un—pYpp1 = 
a=p+1 
B=n—p 


(n —2p)(UV + 66). 
Combining (f) and (g), we get 


et ‘A? 


* (wins + Le hian-ouabel +(i- 2) (uy “Ges 


Keeping p fixed and letting n — ©, A being a constant and 
e being arbitrarily small, we eatainl 


L = (uv, + Oy atk ue) = UV 


1BoreE., Lecons sur les séries divergentes, pp. 88-90. 
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41, Abel’s Identity—If U, = ), ws, then Us, 


n=1 


p Die ‘ 
Dues = , Un(n — Ung) + Updy. ws 
n=1 2 
For, since u, = U, — sae we have 


Dp 
Bees Y v1 + (Ua — Us)oa + (Us — Us) - 05+ 


f, + (Us _ Up-1)0p 
= U,(01 — ve) + Ue(ve — ah =f ERs tie 
Up—1(Vp—1 — Vp) +. U pry 


Di 
= > Onn — Ungi) + Und». 
n=1 
This formula is sometimes also called Abel’s partial summa- 
tion formula. 
42. Abel’s Lemma.—lIf (u,) is any sequence, and By, is 
the upper bound (Maz) of |Ui|, |Usl, . . . , |U>l, then 
1° If (vn) ts a positive monotonic decreasing sequence, 


Pp 
> tints 


n=1 


ALi ey 


<, Boys 


2° If (vn) ts a positive monotonic increasing sequence, 


Pp 
Dann, 


n=1 


For, if (v,) be monotonic decreasing, (vn — Un41) is posi- 
tive, and we have by Abel’s identity, 


< (2B v3: 


p -1 4 
>) entr = > Un(tn — Uni) + Jovy 
n=l1 n=1 


net 
SLU el (On — ents) + 1ol ee 


n=1 


p-l1 
< B,| > (on = arr) + | 


n=1 


< Bpv1, sea t Z 


U, 
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A e 
since 


p—l 
>, (en — Yn) + vy = (v1 — v2) + (ve — 0s) + - . 2 + 
n=1 
(Up_1 — Up) + Up = 11. 
If (v,) be monotonic increasing, (v, — Un41) is negative, 
and we have by Abel’s identity, 


Pp pol 
Dy uate] S Lala — tard + Wale» 
n=1 n=1 


DA ) 
<< Bol D (n+ <a Un) ie °» | 


n=l 
< 2B sasha 
since a ee ee 
p—-l ii: a. 
>, Ont1 — Ym) + op = (va: — 03) =F (ts. te) A oe 
n=1 
(Up — Vp-1) + Up = 2p — 01. 
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CHAPTER IV 
SPECIAL LIMITS 


43. Lr".—If 0<r <1, then r*> =r1-r, go that 
decreases as n increases; hence by Art. 28 7” must approach 
a limit as n — o,-—scall this limit 1 2 0. If we now let 
nm — o in the identity r” = r*—! +r, we get 1 = Ir, or l(1 — 1) 
= 0, orl = 0. 

If 0>r>-=-—1, we have 0 < Ir| <1, and therefore 
In|" — 0, and hence r — 0. 


Tr 


1 , 1 
If r > 1, we have a 1, then by the preceding, Le = 0 
1 3 : 1 
and pk if m > some index », so that r” > 5 for n > »; 


: 1 
and since — can be taken as large as we please, we have 
€ 


1? —.-- ©, 

If r < —1, r” oscillates between positive and negative 
values as 7 increases, and lal — +o so that the sequence 
(r”) is improperly divergent. 

If r is complex, we have by the preceding, if Ir| Gos 
[r\" > 0, and if f| > 1, Pf» > +o. 

We have then 


oo if |r| > 1. 
44. La,™ when a, —a.—If m is a positive integer, by 
n 


repetition of Art. 32, we see that a,™”, regarded as the 
product of m variables (all equal), must >a”. If m= 


1 : ys ae 
ay where m’ is a positive integer, and we put adn,” = bn, we 
33 
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have a, = b,™. Now by what we have just proved, if 
b, > b as n— ©, since m’ is a positive integer, we have 
bn,” > b™, and therefore a,—b”’. Now since a,— b™ 
when b, — b, we can assert conversely that when a, — a, 
Lb, must exist and we have a = b™ or b=a™. Hence 
La,™ = a™ when m is the reciprocal of a positive integer. 


If m = 2 where p and gq are positive integers, we have, 


making use of the result just established, 


ee = Ga = (rae) = () =a 7 


so that La,“ =a” when m is any fraction. Finally, 


if m is a negative rational number, m = —m’, m’ a positive 
fraction or integer, we have 
I 1 
nm — oo — —mr — 
Lan Be ese = g- = gq”, 


Hence, for every rational value of m, 
La,” = (La,)™. 
45. Lb*® when a,—a.—Assume first that b <1. 
Let a, = ja —a,|, then a, > 0. For any 0 <e <1, we 


can find v such that (1 — e)” < 6 for this and all larger 
values of v (Art. 44). Now keeping » fixed, choose n so 


1 
that an < = for this and all subsequent values of n. Then 
bb" <1 SH) <1 — (LHe) eH 
and hence if 1— 6% <e, we have Lb™ = 1 
be» = b% + 7, 


, or since 


we have Lb™ = 0’. 


If 6 > 1, we can write, since : <1: 


1 1 


Lb =Lee = 


= 6. 
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Hence, we have for every b > 0, 
LOS. 


46. L log a, when a, — a.—If 0 is the base of the system 
of logarithms used, then if a, = log an, we have a, = 
6°. If a,— a, then a,—06* (Art. 45); conversely, if 
ad, — a, then a, must have a limit, and a = 6%, or a = 
log a. Hence, 

L log an = log La,. 


Ad La. whensa, >a. and bs —> b-—Put a.” =<, 


then log c, = b, log an. By Arts. 32, 46, we get log c = 
blog a, orc = a’. Hence, 
jit’ , Lae = (La). 


Ve asucee 
48. L "Suppose a > 0, then from the identity fis 


Ves 


a” Cia a 
Tenet (ee Bae 
n 


a ; 
we see that oA begins to decrease as soon as n > a, but 


) 


it remains positive; hence, since the sequence (=) is bounded 
and decreasing, by Art. 28 it must approach a limit 1 = 0. 
From the above identity, as n— o, we getl = 1-0 =0 


and hence 
a 


Lo = 0. 
It is at once evident that this result holds also for a < 0. 
49. L~—In the Cauchy-Stolz theorem, take u,z = a”, 
(a > 0), v, = n, then 


(pe oe i =L}ar(a — | = Oor o, 


Unti — Un 
according asa < lora> 41. Hence, J en i 
PaaS cae in| a t 
n ial, 
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a 1 


50. Cauchy’s Theorem.—/f a, > 0; and if L = 
p #0, thenL v/a, = 


A An+1 A 
Since 7 — p, we may write 


n 


An 
p—-e< ae oie 


torn > ¥, however small ¢ may be. If m 2 », 


Am+1 


Le as = pee, 
Am 

p-e< Beige ee ye 
Am+1 
Am+3 

p-e< <p + & 
Am+2 


(0 Feeney 
p—-e<x—“P <pte 
Am+p—1 


0 Multiplying these inequalities, we get 


(p +)? <M? < (p + 0), 
and then ov 
1 p ee 1 Pp 
m+ m+ Se m+ Gee 
(ax) o> Nig = Gm) ¢ (peeing 


Now ee »— 0 while m is held fixed, then the two terms 
on the extreme right and left of this double inequality 
approach p + e and p — e respectively (Art. 47), and hence 
for every >™m 2 v, we have 


gl ee Ply Ons 
Van > 0. 


The converse of this theorem is not true. This is shown 
for example by the sequence 


1,-.a, ab, 07), 0707, Ca arb") rab 


1 


so that 


$51] SPECIAL LIMITS 37 


where a # b. The ratio here is alternately a and b, 
n—-1 


while the radical \/a, = ab or of be ) so that ~/a, > 
ab as n— © in either case, while the ratio approaches no 
limit. 


51. pean the Cauchy-Stolz theorem, take u, = 


log n, vn = n, then 


pen R TLS log (1 4 *) — 0, 
Un+1 — Un n 
ge 
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CHAPTER V 


EXPONENTIAL AND LOGARITHMIC LIMITS AND 
INEQUALITIES 


In this section we shall deal only with real numbers. 

62. The Fundamental Exponential Limit: L(1 + Byes 
We have identically, 
A — 6. = (a — Bla Feat ey Bhi« 2.0 abt eee 


In the second parenthesis, put a in place of 6, and if we 
assume that a > B, we get 


ae pr < (a — B)(ar! + qnt a ec + anal to n 
f= € (A-Ay a terms) 
<n(a — oe 
an . » QB) cm 
Transposing, we get. 2— K *%o\ ae 
mS fe al a-R)L 
(a) pp ee EER Ale 


Now substitute a = 1+ iG 2 


1 Bait) and for 


n 2 2, we obtain : me | | 


(+5) > +52a) je eee 
or if we put u, = (G + 7) : 
Un > Un-1, 


so that the sequence (u,) is increasing. 
38 
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en | 
In thé inequality (a) above, put a =1+ so 8 = 1, 


n= th +1, and wehave !° >/ way ree (ite Net Ded 
il ENE 
nt iis) 
or squaring, 
2m 
4> (1 a 5 ) 
so that 
Usa — Ay pvt 


But we have already seen that wom—1 < Uam, 80 that tn < 
4 for every n. Hence, the sequence (wu,) is bounded. 

We have now shown that the sequence (u,) is bounded 
_ and increasing, hence by Art. 28 it must have a limit. This 
limit is of very great importance, and is denoted by the 
letter e: 


° a+) 


On account of the great importance of this limit, we shall 
give another proof of its existence. 
By the binomial theorem, for n a positive integer, we have 


One eet Ge tala 
eee + (1-2)(1 -2) BoB (ce nas + 


Hence, for every n, 


(142) >2 
n 
3 ih 2, 
If we replace each of the differences 1 — > 1 — ike Pee 
teres : by the greater number 1, we obtain 
10 1 1 1 
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and since r! > 27-!, we have 


(1t2) <24+h4+aRt+...+5> 


and summing this geometric-progression, we find 
Ls 1 
(ee) pape 


PNe 
_ Hence, we have shown that G a5 ) is bounded. 


Since all the terms of (c) are positive, if we throw away 
a part of the terms, we shall diminish the value of the 
expression, so that if m <n, 


(437 >24(-Da+0-D0-Da4 
+0-DO-9...G-"25s 


and since m < n, we have 


[ee ais hes 5 ree Lee ee ee 
n m n m 
| eee 
m 
so that 


(Q,) = 2 seer ie 
+O 4g) yn eee 
The right-hand side is G + oy" by (c), therefore 


. +7) > s Pa) te 


§53] EXPONENTIAL AND LOGARITHMIC LIMITS 41 


: Nts : F : 
Therefore, since G +.) is bounded and increasing, it 
must approach a limit, which must lie between 2 and 3. 
ch : 
53. L(4 oe =) when a,— ©.—If m is the greatest 
n 


integer contained ‘in a@;, we have m S a, < m+ 1, hence 


“m + 1 and therefore also m, increases to 0% with n. We 


have 
(1+ —) <(t =)" <(1+ En ae 


or | 
ee ey 


Thus Gi + +)" is included between two variables each of 
- which — e, hence 
1 \2n 
(a) L(1 + =) = 
The same result is obtained if a, ~ — ©. 


If we puta, = , then a — 0 when n — o, and we have 


U1+z)"= 2, (1+e) 


hence : 
(b) . Lite qe. 


> \n 
54. L(1 +") when a, > a.—Put n = adnan; then if 


a ~ 0, we have a, — oo. Then 


(42) -G42yr-[0+yT 


and by Arts. 47, 53, we get 


a+ %y =2[(0+ 3) T= [0+ dy yo =e 
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Hence, 
ye 
(a) L(1+ 2) =e 
As a special case, if x is a real constant, we have 
Ge n 

(b) L(A ee =) ues 

55. Exponential and Logarithmic Inequalities.—Since 


1\n 
ae G + -) ’ however, large n may be, we have for z > 0, 


a 1\nz 
(a) e -1>(i+-) _ 
Now if a > 1, 
— 7 = OT ch ae Sat allaccny ee sees 
a-—l A 
(0) | ; Reet ee wy Ste ty). 


4. & 


Ds Oe 


i Ls 
Taking a = 1 ta and m = na, we get 


(a++)" —1>ne{(1+2)-1] 


Pas 
hence by (a), 
Cas) 1S ayore? > 1 ee. 


Taking logarithms, we get from the last result, ,) > TaN? 
log. 1 +2) <m@ , 
ae 1\-» per. Ie Nite 
Again, sincee < @ - -) and e~! > ¢ - =) , we have 
for’ 0 <7 <<: 1, 
Bas Bi LIN ae 
e ie ( 5 ) 1 


and putting a = saa 
(“—) ~1>n2(*— 

Ke } Mi \/ 

( mt is \ | 

i a lo eee 


1 
» and m = nz in (6b), we find 


*—1)> ee 


s 
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1 ; 
Hence, e~* > 1 — a, and e? < ae From this we get 


log. o > x, or —log, (1 — x) >&. 


_Summarizing, we have 
et >14+z, 
(a) y lop ie) <a, 
i eG Sa =f, 
—log (1—a)>2 


\a>0, 
po <2, 


Another method of proving these inequalities is as follows: 
For na positive integer, we have by the binomial theorem, 


Lite a 


(bey -ieet tates 


ae 
aes ste ites 1)(n 22) a 214 
nN! nN 
hence for x > 0, 
Ue as ere aeaaaon 
(142) a8 
ci 
TEN 2 PO ae LSE S 
2 z—1l 


If we now let n — ©, since 11 + ay = e*, we have for 


every positive x, 


(d) e>lt+2+We>1+20<2¢ ow), 
and for x < 1, 
il 492 L2 1 
oe eee es et Peak 
(Oe): 


If we take reciprocals in these inequalities, we get 


Boe < 
oe Sits (Ore .coy, 
>1l-z2z (OF p< 1), 
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or if we put —z in place of a: 


1 
(/ gl Spe re ee 
ee ee (-1<2< 0). 


By combination of the inequalities (d), (e), (f), we may 


write 
(zite (-1<2< a), 


(9) ie J (eas 


56, L 108 { We have 


x—0 


Lice) 
x 


1 
L 08 oe c= L log (1+ 2)2 
z—0 


2—0 
1 
= log is. (l+<2)z =loge =1 (Art. 58). 
pe aR a 5p 
x20 x 
x_1 
BT. Line soba a* —1=y, then z = log. (1 + y), 


and y— 0 when z—0. Then 


Saal y 1 
L J tee eee 
20 x y—0 loga (1 = y) y0 log (1 ae Nu 
1 
= = = log. a (Art. 53). 
1 
foes \ Tose: + yu | loga ¢ 
yO 
at — 
(a) Oe ares log a. 


58. Theorem.—If a > 1, then 


(a) pie on, L Bet =0, L wlogex = 0. 


a & x 
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In the Cauchy-Stolz theorem, take u, = a*, vn = x, then 


Un+t1— W qth — qt 
n+ ene ee a*(a es Ly 
Dis, Oe Pap I ee 
Un _ a” 
Un 4 Uy 


Now La?*(a — 1) = if a > 1, hence 
a® 
The other two limits follow from this by transformation. 


Put a? = y, then x = log. y, and y— © when x — o. 
Then we have 


ese p LT 00, 
pe 1ORs Bee oe 
(c) seed b lobe y _ 0. 
1 tia 
Put a? = a then x = —log. y, and y — 0 through positive 
values when x > ©, and 
LE pce nt gag Gk TE 
PO LOLs Uo eat! & 
(d) te L y loga y = 0. 
y—0" 


59. Theorem.—I/f a > 1, and k > 0, then 


(a) ee eoe,, T. aa = 0, L stlogat = 0. 


=] 


( 


For we can write 
ik 


1 
Since a > 1 and k > 0, we have a* > 1, and therefore by 


Art. 58, sa 
Ole 


LZ x 


{ 
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{2 [2] - 


The other two results can be established in like manner 
if we put y = log.x in one case, and y = —log, x in the other 
case. 

If k is negative, we see at once that 


- Hence, 


(b) Lo =o, j, est = 00, dh a logs a == ee 
z—0t 


60. L eee 
n n 


= (log n)?, vn = n, then we have 


—In the Cauchy-Stolz theorem, take 


Anti — tin = [log (n + 1}? — [log nl? 

Unt1 — Un 

[log (n + 1) + log n][log (n + 1) — log n] 
= flog (n + 1) + log n] log (1 +*) < 2 lone te 


(Art. 55). 


But 
2(n - 1) log (n + 1) 
Reed 


? tog (n + 1) = 0 


by Art. 51, hence we find 
2 
(a) L eee = 


Similarly, we can prove that 


(log n)* _ 
(b) b= 0, 


where k is any positive integer. 


61. L es = —Put 


ie ie 


6 S| 1 e 
Sch gh psc) ete aaa 


{ 
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By Art. 55, 
: : 1 1 
log (1 +7) — logz = log (1 +=) aE 
Putz = 1, 2,3, . . . , n successively, and add the result- 
ing inequalities, and we get UC) Keay, 
Teh Ls aes 
pee iad ee bah stg Tc.) ain aX 
or 
(a) H, > log (n + 1). 


From this we see that, since log (n + 1) — o, we have 
also 


(b) LH, = +, 
By the Cauchy-Stolz theorem, we have 
1 
ids ue es yes ‘ n 
pe et fa 
log n log n — log (n — 1) i 
bn 1 
I 1 1 
L = — = 1 
tN 3% L\ 8 log e 
log(i- 7) doef E17) 
i ea 
(c) iw &, ae 1s 
By use of Art. 51, we have 
pie yp. a oem _ 7 Hn log _ 9 
nN logn n log n n 
HH, 
(d) sits Liane: 0. 


xX 62. Euler’s Constant.—Put C, =H, — log n. It is 
* evident at once that C,, is always positive. Since 
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we have 


1 
e Cn — Ca =~ — log < 0, 


ioe | 
so that the sequence (C,,) is decreasing, and it is bounded 
below since C, is always positive. Hence, by Art. 28, 
C, must — a finite limit. This limit is usually represented 
by C (sometimes by y), and is called Euler’s constant: 


C = L(A, — log n). 


Its value is 
C= 0577 215 664 901 532% 
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CHAPTER VI 
INFINITARY NOTATION 


63. Orders of Infinites.—Suppose (u,) and (vn) are two 
sequences such that Lu, = +o and Lv, = +o, and that 


L - exists (finite or infinite). 


If L = is finite and ¥ 0, we say that wu, becomes infinite 


of the same order as (or as fast as) v,, or more briefly, u, is 
infinitarily equal to v,. 


If = 1, we say u, is asymptotically equal to v,, 


and we denote this relation by Un ~ v,. Then if Le =k, 


we may write this relation Un ~ kun. 


rer = 0, we say that un becomes infinite of lower order 


(or more slowly or more weakly) than v,, or more briefly, 
u, is infinitarily less than v,, and we write un < v. 


If ue = 0, we say that un, becomes infinite of higher 


order (or more rapidly or more strongly) than v,, or more 
briefly, u, is infinitarily greater than v,, and we write 
Vane 
: gees! 
Examples.—(1) Since L (>— | = 1, we have n?+1~ 
n* — 1. 
49 


4 
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3 : 
(2) We have 3n* — 2n? +5 ~ 3 (2n3 + 7), since 
Sie On ae Onn D 


ma ey ames 
: Ui Meas wih ve 
(3) n+ 2 < 2n? + 7, sinceeLa sa ==, (); 
: Pit OCW, 
(Ay ae? te se A ea ks since hr ae he 


the : 
When Le = 0, we sometimes write Un = o(v,). Thus 


Un < Un and Un = O(vn) are simply two different ways of 
expressing the same relation. 

The preceding definitions may be extended to functions 
of a continuous variable. Suppose that f:(~) and fo(z) are 
two such functions, defined for all values of x greater than a 
given value xo, which are positive, continuous, and steadily 
increasing, tending to 0 with «. Then we write 
File) ~ fal), fila) ~ > fa(x), film) < fo(x), faz) > folz), 
according as 

ph 


2 f(x) 
= 0, we also write fi(v) = olfe(x)]. 


= 1; k, 0, or o. 


fil) 
Nfl) 


Examples.—(1) « + sinz ~ 2, 
(2) « + 1000V/z ~ 2, 


1 
(3) La ine os 


1 1 
(4) a+loga” x 


(5) Va~ Va +1, 

(6) sinz —2 = 0 (a), 
(CE Ga ela se bys 

(8) log x < a, 

(9) (1 +2)" —1~ ma, 
(10) H, = 0(n). 


? 
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64. Large O.—If (un) and (vn) are two sequences such that 
Un 
Vn 


< K for every n > some fixed value no, where K is a 
constant independent of n, we write 


Ur = Ota): 


a #17 (;): 


We may also mais the above definition by saying that 


For example, 


Un = O(v,) means ar < ©. 


k (const.), then u, = Se 

This symbol O may be also extended to the case of func- 
tions of a continuous variable. If f(x) and g(x) are defined 
for all positive values of x > xo, and g(x) is positive, and 


x |f(@)| — 
2 g(a) ~ 


or if £ and K exist such that for every x 2 £, we have 


If@)| < K-g(@), 
then we write 
f(x) = O[g(@)]. 
Examples.—(1) Wz = O(2), 
Qa = 0), 
(Ser sine (7), 
(4). log a= O(a"). 


We may denote by O(1) any function of x which is defined 
for all values of x sufficiently large, and which either has a 
finite limit for x — ©, or at least for all sufficiently large 
values of x remains less in absolute value than some fixed 
bound, 
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Examples.—(5) sin x = O(1), 


(6) += = 041), 

(7) 2 = ow, 
(3) 22 = ow), 
Oe n=: 


(10) e* = O(1). 


65. Operations with O. Theorem I.—From fi(x) = 
Olgi(x)] and fo(x) = Olge(x)], it follows that 
file) + f(x) = Olgi(x) + ge(a)]. 
For, if x 2 £1, 
If1(a)| <= Ky ‘ gi(x), 
and if x 2 &, 
|fo(x)| < K2-ga(2), 
then 
fala) + fo(x)l < | file) | + [fr 
< Kigi(x) + Kogo(x) 
< K[gi(x) + go(x)], 


for « 2 £ where & is the greater of £, £, and K is the 
greater of K1, Ko. 
Theorem II.—From fi(x) = Olgi(a)], and fe(x) = 
O [g2(a)], zt follows that 
filx) - fo(x) = Olgi(x) - g2(x)). 
For, 
Ifi(x)| < Ki + i(x) for x = &,, 
[f2(x)| < Ke-ga(x) for x 2 &, 
.|fi@). fol)| < Ki- Ke: gi(x)-go(x) for x = &, 


where é is the greater of &, &. 
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Theorem III.—/f fi(x) = Olgi(x)], and fo(x) = 0 [g2(zx)], 
then fi(x) . fo(x) = olgi(x) . go(x))}. 


For, 


HCO) heen felt) _ 
ATOLL Ole. 
therefore 
file) fale) _ 
FS oe cai tae 


66. Orders of Infinitesimals.—Let (u,) and (v,) be two 
sequences such that Lu, = 0, Lv, = 0, and suppose that 
L = exists (finite or infinite). 

Then we say that u, 7s an infinitesimal of higher order, 
the same order, or lower order, than v,, according as 


Un _ 9 
rr 


: = k(finite) ¥ 0, or = o, 


and we use the notation 
Ue <0 al eo Uns ba en Ons 
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CHAPTER VII 


GENERAL PROPERTIES OF INFINITE SERIES 


67. Infinite Series—If wi, wz, Uz, . . ., Un - - - U8 
an infinite sequence of real or complex terms, the symbol 
di Ue lg oe ok a 


is called an infinite series. An infinite series is regarded 
as defined when some law or rule is given by which the 
n* term can be found. 

An infinite series is usually given in one of the two 
following ways: The first few terms may be given, so that 
from these we can work out a formula for the n‘” term or 
general term; or a formula for the n* term may be given 
directly, and from this we may write down any particular 
term desired, or the first few terms. Often a combination of 
these two methods is used, the first few terms and also the 
n* term being given. 

Examples.—(1) For the series whose first few terms are 


4 5 6 
Taio aoe ? 
n+3 


the 7 term: is 4, = ——_—_- 


: 1 ; : 
(2) If the n* term is u, = aC §! the series has for its 


first few terms, for n = 1, 2,3)... , 


34+56¢+ Hot. . 
For the series wtuetust...tut. 


we often use the abbreviated notation De Un, Which is read 
34 


r 


7 
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(as . . . . 
summation Un,” or y Un, Which is read ‘summation up 


from 7 = 1 to «.” 
68. Convergence, Divergence, Oscillation.—Put 


OP AT RS as a) ics ae Sie ple 
t= 1 


U,, is the sum of the first n terms of the series, and is called 
a partial sum of the series > Wins 

If the sequence (U,) 1s convergent and has the finite limit 
LU, = U, we say that the series oy Un 18 convergent and that 
U is its sum. 

By the definition of convergence of a sequence, we may 
write 

e>0,»,|U —U,|<en>>». 


If the sequence (U,) 1s divergent, we say that the series pa Us 
is divergent, and zt is properly divergent or improperly 
divergent according as the sequence (Un) ts properly or 
emproperly divergent. 

If the series >, uy 1s divergent, we have 


G > 0, », IU, SG, n>, 


If the sequence (Un) ts oscillating, we say that the series 


> Un 1s oscillating. 

Some writers use the term “divergent’’ for all non-con- 
vergent series; but we prefer to distinguish between the 
various classes of non-convergent series by the above 


terminology. 
It must be remembered that the “sum” U of a convergent 


series >, Un as defined above, is a limit, and we must not 


assume without proof that the properties of a finite sum 
in Algebra will necessarily hold for such limits of sums as U. 
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Since convergent series are the only ones which have a 
sum as defined above, they are the only series which are 
used in the elementary theory of series, and indeed in earlier 
times it was thought that they were the only kind that 
could ever be used; but a modern theory of “divergent’’ 
(that is, non-convergent) series has been developed in 
recent years which enables us to make use of many classes 
of non-convergent series. 

69. Notation.—Following Pierpont,! whenever practica- 
ble we shall adopt the following uniform notation. The 
terms of a series will be represented by small letters, 


the sum of the first » terms of a series > uy Will be repre- 
sented by U,, (the corresponding capital letter), the infinite 


series by u; by Un, and when no confusion can arise, we shall 
n+1 
represent a series > Un and its sum by the same letter U. 
A sum of p consecutive terms after the n‘” term will be desig- 
n+p 
nated by Un»: Un = > Wie 
n+1 
70. Complex Series.—The definition of convergence 
applies to both real and complex series. But the conditions 
of convergence of a complex series may be expressed in 
terms of real series as follows. Let >) Un be a series of com- 


plex terms, un = a, + 7b,; then since 


Sua = eee 


m= m=1 m= t 
it is evident that > Un Will be convergent when and only 


when >) Gn and > b, are both convergent, and if A and B 
are the sums of these two real series, the sum of the complex 
series will be U = A +7B (Art. 24). 


1Prerpont, “Theory of Functions of Real Variables,” vol. TI, p. 
dH Kart. 79).. 


t 
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yy 
iat eee se, > = 


7 file. Remainder.—The series 


ney ato es hone ae aire oh ah eh > a= Us 


is called the remainder after n terms of the series > Un' 


The sum Un,p = Unti t Unde t+ . . . + Un4p is called 
a partial remainder of the series. 


Theorem.—If > Un converges to the sum U, then Un = 
1 


> Unsp converges and we have U, = U — Un, and LU, = 0. 


(QM 


feo} 


If the series U, converges, then SS, Un converges and we have 
1 


Ua, +--U,: 
For we_have identically, Une, = Un + Un,p, Of Un = 


Onsyp — Un. Now if > Un is convergent, then LU ys, = 
ae 1 a 
U, so that U, = LUn,» = U — U,, and hence the series 


is convergent, and U, = U — U,. _In the equation 
n = U — U,, letn — ©, and we have LU, = U — LU,= 


Vag Ui, x 
If U, is convergent, then LU,,, exists = U,, and from 


Sei 


Unip = Un + Un,p, we get by letting p > , 
1b; Ope aa U, se Lies = Unt Us 


or ¢ 
re Os Uy. 
In the same way, we can prove the following 
Theorem.—If > Un 1s divergent or oscillating, so also ts 


Un, and conversely, when U, 1s divergent or oscillating, so 


also 1s > Uns 


er 


. 


—~—\ 
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It is not in general possible to find the sum of a conver- 
gent series. The sum U,, of the first terms of the series 
may be regarded as an approximation to the value of U, 
and then U, is the error made in this approximation. Since 
U,—0asn— © for a convergent series, this error may be 
made as small as we please by taking n large enough, that 
is, by adding up enough terms for our approximation. The 
series best adapted for use in numerical computation are 
those in which U, — 0 rather rapidly. 


IED, Un is convergent with sum U, we may write 
Bg Dds Clee eee 


The least value of the index » corresponding to a given e 
measures in a way the rapidity of convergence of the series. 

72. Theorem.—In determining whether a given series is 
convergent or non-convergent, a finite number of its terms may 
be neglected; but if the series ts convergent, its sum ts thereby 
altered. The alteration of a finite number of terms of a series 
will not affect the convergence or non-convergence. 

This is evident at once since the sum of the neglected 


> ““'F4eums or of the altered terms will have a definite finite 
rig VALUE. 


7 MA 


- 73. Theorem.—The convergence or the sum of a convergent 
series will not be changed if its terms are grouped without 
changing their order. 

This is evident from a consideration of the definition of 
limit. We may therefore introduce parentheses in a con- 
vergent series. 

It is also evident that a properly divergent series remains 
properly divergent when its terms are grouped. 

It is allowable to remove parentheses unless the resulting 
“ series is oscillating or divergent. 


74. Theorem.—If > Un ts convergent with sum U, then 
> kun ts convergent with sum kU, if k ts any finite constant. 


If >) Un 18 non-convergent, so also ts >, kun. 


~~ §75] GENERAL PROPERTIES OF INFINITE SERIES 59 


For the sum of n terms of » ku, is kU,, and we have 
LkU,=k-LU, =kU. TfLU, = + o,thenLkU, = +o, 
and if U, has no limit, neither has kU. 

75. The Geometric Series.—A series 


‘Ttrtretet tet. aD | 
n= 0 


in which the ratio of any term to the preceding term ts a con- 
stant, r, 1s called a geometric series. Let us investigate the 
convergence and non-convergence of this series for real 
values of r. 
By Algebra, we have for the sum of n terms, 
Noor bey et HO i 2 


S, = = =: 


1l-r l-r i ee 


_ Now if |r| < 1, by Art. 43, Lr” = 0, and we have LS, = 


1 2 i. S, and the series is convergent with sum = 15 


If |r| > 1, then by Art. 43, fa —>o;andifr>1,Lr= 
+o, and LS, = + 0,s0 that the series is properly diver- 
gent; if r < —1, r” evidently oscillates between positive 
and negative values and numerically — o, so that then the 
series is improperly divergent. If r = +1, the series is 
1+1i+i-+i1+ ..., which is properly divergent. 
If r = —1, we have the series 1—1+1-—-1+..., 
which is oscillating. Hence, we may summarize: 


foe) 


The geometric series > POE 
0 


; : 1 
Convergent uf Ir| < 1, and its sum is then oie 


Properly divergent if r > lorr = 1; 
Improperly divergent if r << —1: 
Oscillating if r = —1. 
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76. The Harmonic Series.—The series 


Sle 


ey a 1 is 
bo hg hath teh ch tame 


is called the harmonic series. Let us group its terms as 
follows: 


Pt at Vat alt C64 6b a 78) U8 ae 
: eg, eee 


’ The sum of the terms in each parenthesis is > 14, so that by 
taking enough of these groups we can evidently make the 
sum of these terms as large as we please, and hence the sum 
of n terms S,— © as n>. Therefore, the harmonic 
series is properly divergent. The divergence of this 
‘series also follows from Art. 61 (a). 

The divergence of this series is comparatively slow; the 
sum to a million terms is < 21. 

77. The Hyperharmonic Series.—The series 


eee a 1 = 1 
NEM gpe tama eae seas tc = Die 


is called the hyperharmonic series;! it includes the harmonic 
series as a special case, for k = 1. 
Group its terms as follows: | R-) 


Opea Ge minder cesicatr es) 


(at... +y)+- 


Now if k > 1, we have 
1 1 i 1 2 1 


2 Be ~ 98 = BP 


etata ta 


1 The name ie tea is due to Prmrpont, cf. his “‘Func- 
tions of a Complex Variable,” art. 14. 
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lh 


1 il 1 1 g; Herta ce | 
<g@taetgt ge - & = ep 
an) ea 1 
Re oe tea sb yer 
ree | il 1 8 1 
ets Geo me 


Rb. OR = (2k-13 


Thus each group of terms in (a) is < the corresponding term 
of the series 


1 1 1 
Seer a Pigat 


Dk-1 (212 Sipe ek 


mean 3 : : 1 
which is a geometric series with ratio r = ae-1 < 1, hence 


this geometric series is convergent with sum g say, then if 
S, be the sum of n terms of the series (a), we have S, < g 
for every n. Now the sequence (S,) is increasing since the 
terms of (a) are all positive, and (S,) is bounded since 
S, <g, hence by Art. 28 the sequence (S,) is convergent, 
and consequently the hyperharmonic series is convergent 


fork > 1. 2 
If k = 1, we have the harmonic series which has already 


been shown to be properly divergent. 


If k <1, each term + of the hyperharmonic series is 
> the corresponding term : of the harmonic series, so 
_ that if S, is the sum of n terms of and H, isthe sum of n 
ie of pe we have S, > H,. SinceH,—- © asn—o, 


we must have S, — o (Art. 37), and the series pe is 
properly divergent in this case. 

Hence, the hyperharmonic series yee is convergent when, 
k > 1, and properly divergent when k © 1. 
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78. General Principle of Convergence for Series.—To 
use the definition of convergence as a test to determine 
whether a given series is convergent requires a knowledge 
of the sum or the possession of a formula for the sum of n 
terms, and hence it is not well adapted for practical use. 
The general principle of convergence for sequences applied 
to series gives a much more practicable test. It may be 
stated: 

Theorem.—A general necessary and sufficient condition 
for the convergence of a series > Un ts that, for every e > 0, 
however small, an index v can be found such that for every 
n > vand for every p, we have 


(a) Ca — UF ie orl e 
This inequality may also be written 
(b) [umpa + tna... + Unsel <e. 


This theorem may be stated in another form: 
A necessary and sufficient condition for the convergence 


of the series > Un 08 that LUn,» = O for every p. 


The condition can often be applied indirectly to show that 
a series is not convergent. For if we can show that LU,,» 


~ 0 for some p, we know then that the series cannot be 
convergent. For example, in the harmonic series, the 
Cras 
1 1 i 
RET nae Ye ee 


so that LU,,, ~ 0 for p = n, and hence the series cannot be 


convergent, and since its terms are all positive, it must be 
properly divergent, as shown before. 

79. Necessary Condition for Convergence.—If in Art. 
78 we put p = 1, we have Un, = Un41, So that a necessary 
condition for convergence is Luny1 = 0, or what amounts to 
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the same thing, Lu, = 0; that is, as n increases indefinitely, 

the general term of the series must approach zero. 
Theorem.—A necessary condition for convergence of a 

series >) Un is 


se") ce 


This condition is not sufficient for convergence, as is 
_ shown by the fact that for the divergent harmonic series | 
we have Lu, = L = 0. 

If we find that Lu, ~ 0, we know at once that the series 
is non-convergent, and this may often be used as a test of 
non-convergence. For example, in the series 


Di gee lk 7 Sea eas 


we have Lu, = 1, hence the series is properly divergent. 

80. General Test for Positive Series.—If the terms of a 
series > Gy are all positive, then the sequence (A,) is increas- 
ing, and by Arts. 28, 29 we see that the series must be either 
convergent or properly divergent, and if (A,) is bounded, 
then the series must be convergent. 

Theorem.—A positive series > An ts convergent if A, 1s 
less than some fixed number for every n. The series 1s prop- 
erly divergent if for any positive number G, however large, 
we have A, > G for every n > some index »v. 

81. The Alternating Series Test.—A series whose terms 
are alternately positive and negative is called an alternating 
series. 

Theorem.—An alternating series is convergent if each 
term is numerically less than the preceding, and the limit of the 
n'* term is Zero. ij 

Let the series be represented by 


Q1— G2 +a3—GQstds—..., 


pe” 


ir 
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where the a’s are all positive and form a decreasing sequence 
whose limit is 0. Then 


Arnal = lena ~ Gate + Ones — eS 2 (=) eta ee 
We may write 
(a) Ging Grea W Onces Fae ete 
in the form 
(Gn41 — Ont2) + ngs —'Onys) + . . + + Gntp=1 — Anga) 
if p is even, or 


ia, = nee) Ones — Onis) Ho Sens AP NGaipner ae 
Gatp—1) + Gntp 
if p is odd. 
Since the sequence (a,) is decreasing, each of the paren- - 
theses above is positive, so that the expression (a) is posi- 
tive in either case, and we may write 


Aol Sa Orne Som An+2 Si An+3 Sie et | EN fe + Cyl)? 4agass 
But (a) may also be written 


Qn+1 — (An42 a On+3) i ute (Qnudes — Gipsy) 
for p even, or 


Anti — (Gaye: Gaps) — ~ . ~) = (Crap — Ondg) 
for p odd; so that for p odd or even, 
(b) Ane ney 
But since by hypothesis, we have La,z,1 = 0, or 
€ > Oy ¥, Onaga <he, 0, > 
we get by (0), 
e > 0, v, |Anol L610 > Pip = Ore eee: 


? 
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and by the general principle of convergence, the series is 
convergent. 

This test is a sufficient but not a necessary condition for 
convergence. 

Examples.—(1) The series 


1-4+MW-M+K-... 


satisfies the conditions of this test and is therefore 


convergent. 
(2) The series 


is convergent by this test. 
(3) The series 


a 1 & 1 oi 1 mE 1 

WH 1 2d V8 fT /38 
has its terms alternately positive and negative, and a, — 0 
but it is divergent. For 


scat 


A 


TaD yaa tee ae) ie tae 
=A1+5+5t+... +245) =m 


which — © as m— ©, If the series were convergent, 


LA, would be equal to LAom, hence the series must be diver- 
n ™ 
gent. In this series, the condition that the terms decrease 


steadily is not satisfied. 

82. The Limit of Error in the Alternating Series.—It is 
evident from the proof of Art. 81 that the remainder after n 
terms, A,, is less than the term a@,41, and hence if we take the 
sum of n terms of the series as an approximation to the sum, 
the error made is less than the next term, and hence 
approaches zero, as we take more and more terms; and if 
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a certain definite number of terms are added, the error can 
be determined definitely. In other words, we may stop 
adding terms as soon as we come to a term which is numer- 
ically less than the proposed limit of error. 

For example, let it be required to compute the value of the 
series 


 Groneis a8 a ett 


Nae (ape Tee tient toe 

correct to three decimal places. We have 

1 1 

ape .5000 ihe .1667 

| 1 

ai .0417 mt .0083 

1 1 .0002 

gh el pd amr gs 

Le 0000 

8! » 6431 


.5431 — .1752 = .3679. 


Exe f ; a. 
The term 81 being less than the required limit of error, we 


stop with that term and can be certain that all the terms 
after that cannot affect the result in the first three decimal 
places, so that to three places the value of the sum of the 
series is .368. The fourth decimal place is retained through- 
out the computation to insure accuracy in the third place 
in the final result. 


83. Theorem.—A series ee Un of real or complex terms ts 


convergent if the series of the absolute values of its terms ts 
convergent. 


For, if the series > lunl is convergent, then by Art. 78 we 


have 


e>0, » {hinsal + binsal +. . . + |unial} <e, 


\ 


re 


| 
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for n > v, and for every p. But if Un,» is the partial 


remainder of the series > Un, we have 


toyed = lena + Aes ho a Un+pl aS feeds aI +. ole a een | < € 
for Di ole 23, i Sa Hence, Dia is convergent 
(Art. 78). 
Example.—The series 1—-4+%-k+...is 
convergent since the series of absolute values 1 + 44 + 
y+1g¢+ ... is convergent. It is also seen to be 


convergent by the alternating series test, and by the geo- 
metric series test. 
84. Absolute Convergence.—A series is said to be abso- 


\ lutely convergent 7f the series of absolute values of its terms is 


convergent (Art. 83). Series which do not converge absolutely 
are called simply convergent. 


Examples.—The ¢eries' 1 — 16 + 144 — 6 +o as is 
absolutely convergent sincee1+144+%4%+4+154+... is 
convergent; but the series 1-146 +14,-—-l44+... is 
only simply convergent since 1+16+4464+%+4+. 


is divergent. 
85. Composition of Positive and Negative Term Series.— 


Let > Un be any given real series; if it contains only a finite 
number of positive (or of negative) terms, it is essentially a 
negative (or positive) series, and hence must be either con- 
vergent or properly divergent. Suppose then that yy Un has 


an infinite number of positive terms and an infinite number 
of negative terms. Let the positive terms, in the order in 


which they occur, be a1, @2, 43, . . . , Qn, . . . , and the 
merative.. terms,. in “order, —bi,;. *~dop (63) 0° <, 
—bn, . . . Nowconsider the two series >a, De each of 


which is a positive series. If U, contains m positive terms 
and m’ negative terms, we have 


(a) U, = AX — By.'\ 


68 THEORY OF INFINITE PROCESSES [§85 


1° If both positive series > ls » b, converge, then 
LAm, LBm: both exist with finite values, and therefore 


LU, exists = A — B, and therefore > Un is convergent. 


In this case, a is absolutely convergent, for if o, be 
the sum of n terms of 2 |u|, we have on = Am + Bm, and 
since Am, Bm: both approach finite limits, ¢, must approach 
a finite limit as n — o, and hence > |wn| is convergent, and 
therefore ye Un is absolutely convergent. 

2° If one of the series » ie > b, is convergent and the 
other divergent, then the series > Un is evidently divergent. 

3° If both series pata > b, are divergent, then it may 
happen that > Un is convergent; for Am — © asm— o, 


and Bn > « asm’ —>o, but Am — Bm = Un» may have a 
limit (for U, takes the indeterminate form o — o), 


But in this case, on = (Am + Bm) — ©, and hence >| en rage 


is divergent, and therefore > Un is only simply convergent, 


if convergent at all. 
From this, we get the 


Theorem.—If ya Un ts made up of the positive terms (an) and 

the negative terms (—b,), and if Ds Gn and > b, are both conver- 

\ gent, then > Un 1s absolutely convergent; if both > Os >» b, are 
divergent, then > Un vs at most simply convergent (if convergent 

at all); and conversely, if > Un ts simply convergent, then 
> Ons > b, must be divergent; and if pa Uy ts absolutely con- 
vergent, then > Gi, >; b, are both convergent. If one of the 
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series > Gi; b, 1s convergent and one divergent, then pa Un 28 
divergent. 


86. Telescopic Series.—This name is given! to series 
of the form. 


(aie Ge an) (ae a) wt eee 
We have 
Ay. = (di; — a2) + (de — Gs) + . . . +(Gn-1 — On) + 
(An ia On41) 
(a) = ai—- An+1- 


From this the reason for the name is evident. We see also 
that a telescopic series is convergent when and only when 
La,, exists. 
The use of telescopic series comes from the fact that any 


series may be written in the telescopic form. For if »2 Gn 

be a given series, then a, = An — An-1, a1 = Aj, and 
>. We Aa) -or(Asi > Apia (Aa = Ay) 
Examples.—(1) The series 


Derg 1 _— 1 
2s Cane ey ia me te SO ae 


can be written in the telescopic form, giving 


(¢- eto 
n n+i Fe lene 


hence LA, = 1, and the series is convergent with sum = 1. 
1By Prervont, ef. his ‘Theory of Functions of Real Variables,” 
vol. II, p. 85. 


\ 
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(2) For the series 


1 1 1 i eae: 
Bie aah: SHEA age esis oN 


we have 


n 


Bin Dy aeey syG- ae 
He-D +G-D+0-% 


: +G-ae5)) 
aire. 


DP gol ek ai eee 


which — 34, hence the series is convergent with sum = 34. 
87. Addition and Subtraction of Series.—Given two series 


pa Un and > vn, to add or subtract these series is to form the 
new series > Way Where Wa = Un E Va. 
Theorem.—/f >s Un and y v, are convergent and have the 


sums U and V, then the series > (Un + Un) ts convergent and 


has for its sum U + V. 


For 
n ; By n ( a ) = nr ; Me n : 
» Ww pa Uy v 2, Uu >, A 


and we have only to pass to the limit as n > ». 
This result can be extended to any finite number of series, 
and we may write 


X (Rm) - 3 (Bm) 


88. Two-way Series.—Series sometimes arise which 
extend to o both ways; they are of the type 


She Cech Gog Sie Ho eda gto 


| 


} 
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~ which may be written 


Such series are called two-way series. 


s 


This series is convergent if L > a, exists with a finite 


1s Sime 
value, where the limit is taken when r and s both become 
infinite independently of each other. If this limit does 
not exist, the series is non-convergent. 
Sometimes the value n = 0 is to be excluded; this is 


ordinarily indicated by an accent thus: Dae 


When 7 ranges over the set of values... , —3, —2, 
—1, 0,1, 2,3, . . , if mis any integer, 2 = » + m will 
range over the same set except that 7 will be m units ahead 


or behind n according as m = 0. Hence we may write 


=< 
+0 + 

> Ses > An+m, 

n=—o 1 — Co. 

and similarly 

° +o +o 

>, n= Da 
+o nx+pn 
Examples.—The seme , 


and t+ ir 


are examples of two-way series. 
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CHAPTER VIII 


SIMPLE TESTS OF CONVERGENCE FOR POSITIVE 
SERIES 


89. Criteria of Convergence.—There exists no prac- 
ticable universal test for determining whether any given 
series is convergent or not, but there are a great number of 
tests, each applying to a limited class of series. Most of the 
criteria are expressed as applicable to positive series; if we 
wish to test a series in general, we usually take its absolute 
value series and apply to this the positive series criteria and 
thus test the absolute convergence of the series. 

90. Positive Series.—Since positive series must be either 
convergent or properly divergent, when we use the term 
“divergent”? in connection with positive series, we shall 
always mean properly divergent. In testing a series for 
convergence, we may omit any finite number of terms at the 
beginning, for oftentimes a series has certain irregularities 
in its first few terms which render the application of the 
tests difficult. 

As far as practicable we shall use the first letters of the 
alphabet for positive series, as > ies Dy b,, ete., and the later 
letters for general series with positive and negative, or com- 
plex terms, as Dries > Un, etc. We shall use > C, to repre- 
sent a positive series known to be convergent, and Dea, for 
a positive series known to be divergent. 

91. Comparison Tests.—Among the simpler tests of 
convergence of positive series are the comparison tests, in 


which we compare the terms of a given series with the 
73 
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corresponding terms of a series whose character, as to con- 
vergence or divergence, is known. For this purpose, it is 
necessary to have some standard series whose character 
_ is known, to use as comparison series. We have already 
investigated the following series, which are useful as com- 
parison series: (1) the geometric series St r”, which is 
convergent for |r| <1, divergent for |r| 2 1; (2) the har- 


H EN ey ; 
monic series > a which is divergent; (3) the hyperharmonic 
The cee | 
series > ae which is convergent for k > 1, divergent for 


k < 1; and (4) the series > » which is convergent 


1 
n(n + 1) 
(Art. 86). These series are then available already as 
standard comparison series, and others will be obtained 
later. 

92. Theorem.—/f an Sc, for every n (or at least for 


every n after a certain value), then > Gn tS convergent. 


For -Ao= Cy.< 6, and’ iby> Art. “86, Son must be 
convergent. 


1 


Sh ; + 
Examples.—(1) > 72 18 convergent, since ~, < in a 


1 ; 
and »y Ae ART is known to be convergent. We have thus 
a second proof of the convergence of the hyperharmonic 
series for k = 2. 
oils.” 1 1 
(2) ea is convergent, since at < Seni’ and Yee 


is a geometric series which is convergent. 


Tf the relation is not true for every n at the beginning of the series, 
we may omit these first few terms for which it is not true, and thus 
make the relation true for every n in the new series; and thus avoid 
the necessity for the statement in parentheses. We shall suppose 
this done hereafter. 
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93. Theorem.—TIf a, 2 d, for everyn, then Sa: ts divergent. 
Or. 
Ce OU nye Gy aS, 


and A, 2 D, hence A; i> G,,and > Qn 18 ie 
Examples.—(1) See ai is divergent, since Wee 5% and 


i 
> — is divergent. 
n 


1 1 
9 pes eet Cee ‘ 
(2) > acer) is divergent, since A GREET > 
1 


n+ iit 
94. Theorem.—If 2 <k (a finite constant) for every n, 


then > Gn 18 convergent. 


For ae k gives adn < kez, and we may apply Arts. 


74, 92. 

ee mine is convergent since ae + 
i 
ees a 3 < 1, and Xe — is convergent (cf. Art. 86, ex. 2). 


95. Theorem.—If > k (a finite constant) for every n, 


then > Gn vs divergent. 
For dn > kdn, and we may apply Arts. 74, 93. 


Example. > ee) is divergent since 


LUE Sato Oe Me eh 
nn+2)° n n+2 


Ps 


\ 96. Theorem.—I i ee exists (a finite constant) ~ 0, then 


n 


> Gn is convergent. 
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: an . 
For, ifL = 1, we may write — =1-+ dn, where 6,— 


0, then a constant 6 can be found a that |6,| < 6 for every 


n, and therefore = <1-+ 6, and we may apply Art. 92 


2n : ; 
Example.— >, ——— is convergent since 
Tn 


1 
(ee Seales 
nitn-’ ney ih cele ; 
n2 


97. Theorem.—If ite exists (a finite constant) # 0, then 
> An 18 divergent. 


For, if LT = l’, we have his = |’ + 6’,, where 6’, — 0 and 
H > 0 can be found such that every 6’, > —i and then 
= > Ul’ — 6’, which reduces the problem to Art. 95 


2 = 1 Sheet : 
Example. > (ek ee) is divergent since 


2n — 1 S (2n == 1 nabs oe 
ere i) =z (n + 1)(n + 2) aE 


98. Theorem.—If a, = where f(n) and g(n) are 


rational integral functions of n, and the degree of g(n) exceeds 
that of f(n) by more than 1, then 


Qn US convergent, other- 
wese divergent. 


For, we may write 


ree M yn? + Myn?) + : 


~ + M;, 
a el NA 

jah Moon? “RM! oe ae eee 
n® Non? +Nyn?14+ . 


d 
. ae Nok ee 
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Monr+... + M M, 

FO rae oe ps Lesh : 

(a ae) = Non? +> END ON (const.), 
hence by Art. 96, the series is convergent for k > 1. 


: we 1 
Example. > Ges Se 1D satisfies the conditions of 


the theorem, and so is convergent. 


An+1 aoe 1 
99. Theorem.—If 7 = < — for every n, then > An 18 
n 
convergent. 
An+1 Cn+1 
For, from — < 2) -we get 
n n 
a pe 


and we may apply Art. 94. 
Example. Bie j is convergent, since in this series 


Ge uae aes tela, si 


Wee eythane 


\ 


oo 
: : 1 
and in the convergent series >i Sea’ We have 
1 


ent OS NO ee eee 
BO too Oe SS 


100. Theorem.—I/f = oe for every n, then > ani ts 


divergent. 
For 


On+1 = 


BON th ieee hoe ae? 
An+1 2 


On 
ante 


and Art. 90 applies. 


, 
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Example.—The series 


bret rs Pa a gr 12 
- 75 ork Gta eS 
1-3-5. 2n —1 
a 2-4-6 2n ea 
P Angi _ 2n + 1 Las ; 
has the ratio Gon ee and x. ist D has the ratio 
pe wen » and esr > —"_, hence A is divergent. 


d, n+l 2n+2°> n+1 
101. D’Alembert’s Ratio Test.! Theaten af 


ie 


r <1 for every n, then » Gn ts convergent, and if oss > L; 
then > An ts dwergent. 


ra: 
For, if * 
n 

series x r” for the comparison series Des, which is conver- 


gent: for r< 1.1 Hf = 2 1, we have’ dn41 2 Gn, and dp 
cannot — 0, hence (Art. 79) > a, must be divergent. 


Example.—The series 


Ave Bias os 
Ae Cerig tS Oe 
+... 


“Eke 


3°5°7...2n+1 


Lace TEs Pa iy 


is convergent since 


QAn+1 ae 2n “- 1 _— 
UO Oy. po 5 


In applying this test, we must not only show that Gaels 


18 


n 


<1 for every value of n (at least after a certain term), 
1This test is often called Cauchy’s ratio test. 
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An+1 


but we must show that the ratio is < some number r 


n 


which is itself a fixed number < 1. To illustrate the need 
for this, consider the series 


Reed = ree Soar ae = I ete 


The ratio = = se 7’ and this ratio will not be < 1 until 
n—1 ary 


ae i 
: < lor n >=——— Here we have a convergent 
n— 1 l-—@ 


series in which the terms increase up to a certain point, and 
- then begin to decrease. The value of n which makes the 
ratio < 1 depends on the value of z; thus, for x = .99, 


1 : : 
ee 100, and the terms do not begin to decrease until 
after the 100” term, and the ratio 
< 1 until after the 100” term. 


~— Anti 
The ratio — 
An 


a 
“~ does not become 


n—1 


may be < 1 for divergent series, as, for 
; , ; 1 Nie 
example, in the harmonic series De where the ratio is 


1 F : hea 
1 — q but in such cases it approaches a limit 1, and does not 


Ont 1 
On 


satisfy the condition mond ae le 


The following form of the test is often found more con- 
venient in practice. 


Theorem.—I/f L 


An+1 r a 

“— exists = then An Us convergent 
y P) 

a0) 


when p <1, divergent when p > 1, and no test is given when 


Ont 1 
an 


p =1, except when > 1 for every n, in which case 


the series 1s divergent. 
Suppose first that p < 1, then if r be any number between 


p and 1, we can find » such that bee 


- | <r-— p for 


n 
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An+1 


n > v, from the definition of limit, hence we get <n; 


n > v. Now from See <r < 1, we see from the first form 


of the test that pS, Gn is convergent. 


On+ 1 


If p > 1, then = p+ 6,, where 6,—0, and for n 


n 


sufficiently large, say n > v, we can make p + 6, > 1, so 
An+1 
that 


> 1, and we can apply the preceding form of the 


n 


test, which shows that pu, a, is divergent. 


If p = 1 and es > 1 for every n, we have das1 > Gn, 


an 


and a, cannot — 0, so that > a, must be divergent. 


if p= 1. and ae + 1 for every n, then the ratio test 


n 


fails and some other test must be used. For p may = 1, 
for both convergent and divergent series, as, for example, in 


‘ fas : 
the convergent series »Y 72 1B which 
Cri fee = 
Qn 1\? 
Ce) 
n 


and also for the divergent series pa = in which 


? 


a =; * 
Tae Gee 


Examples,—(1) The series 


=1+ 75+ peer... 


is convergent, since 
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(2) The series B = > iG fe 3) h 


Dnt ay n(n + 3) 
bn (n + 1)(n + 4) 


= |, 


, : 4 ? 1 
so the ratio test fails; but by comparing with > ne We have 


1 1 
nn + 3) <j,’ hence B is convergent. 


The ratio test is perhaps more widely used than any other 
test. 

By using the conception of extreme limits, we may state 
the ratio test in a more general form, as follows: 


Theorem. 


zs convergent, and if 


L- 


a < 1, then Sa ts divergent. 


For, if L et 
=o 


n+1 


> 1, we can find a constant ¢ > 1 such 


that for every n, ae >t > 1 by definition of lower limit 
n+1 
(Art. 18), or 


An+1 iL 


OG or <n 
Uee t 


hence by the first form of the ratio test, > Gn 18 convergent. 


Ter 


. <1, a constant ¢’ can be found such that for 
nm+1 


a 
every 7, fe ery <1 08 


Poe 
Sa aeee 


so that > Gis pera. 


In case L 
Gate 


we then have recourse to the tests of Arts. 108, etc. 
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102. Limit of Error.—If for a given series » a, we have 


An+ 1 


<r < 1, and we compute the sum of the first m terms 


n 


as an approximation to the sum of the series, the error made 
in this approximation will be 


Onaga Gaia Ome oa ew oe | 


1 
<r, we have 


, a 
but since 


an 
Ciget <r0 Ons Cniain 1 Ou, Gerd at Ca ee 
so that the error is less than the sum of the convergent 
geometric series 


Tmt Tam + Gm Ft .. k= On 1 +P et Se 


= da,- —-.- 
"“1—r 


Hence, the error made in stopping with the term a» is 
- 


ae 
Example.—JIn the series 
1-3 1-3-5 1°3.-5-7 1:3-5-7-9 
LT] 1-7-10' L-7-10:138-" 1-7-10;18-16 oe 
we have 
1 
Gny1  2n—1 eee 
=e =F) 
Or eee Mil 3+ 3 


and we may taker = 34 < 1, and the error made in taking 
five terms for an approximation to the sum would be less 
than 

T3557 00 26 5:79 27 


ini 7. a 13-16 7 = 203 = 129+ 


* 


ee | =" f 
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103. Cauchy’s Radical Test. Theorem.—lIf for every n, 
WJ dy, <1 <1, then > Qn is convergent, and if X/a, 2 1, 


_ then De Qn is divergent. 


For, if v/a, < r, we havea, < 1”, and er, term of > An 
is < the corresponding term of the convergent geometric 
series Dy 7”, and hence (Art. 92) » Gn 1S convergent. 

If ¥/a, = 1, we have a, = 1, and a, cannot — 0, hence 
> a, must be divergent. 

The following form of the test is often more convenient. 

Theorem.—If Ly/a, exists =, then > An 18 convergent 
when » < 1, and divergent when > 1; uf X = 1, there is no 
test, unless ¥/a, = 1 for every n, in which case >) de as divergent. 

For, if L¥/a, =, then if r is chosen between d and § » < | 
we can find » such that, by the definition of limit, 


v/a, -M<r—d aes Ee | 


for n > v, and therefore ~/a, <r < 1, hence by the pre- 
ceding theorem, > a, roust be convergent. 

If \ > 1, then VW/a, = + 6n, where 6, 0, and for n 
large erouih: say n > v, we haved + 6, > 1, and therefore 
X/ an, > 1, and > a, must be divergent. 

If \ = 1, but v/a, = 1, then a, = 1 and a, cannot — 0, 
hence > Gn must be divergent. 

If \ = 1, but v/a, < 1, there is no test. 

This second form of the radical test is usually easier to 
apply than the preceding form. 


o 4 ky 1 
Examples.—(1) pa is convergent since ¥/a, = ps: 0. 


ely 
log n 


— 0. 


a i! G * nf 
(2) py dog nyr® convergent since \/a, = 
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(3) > cent. is convergent since 
_— Ayes 


t 1 
Ven = G+ D> Va 
nN 


The radical test may be put in the more general form: 

Theorem.—If L¥/a, = o, then » a, 1s convergent when 
w < 1, and is divergent when w > 1; the case w = 1 remains 
in doubt. Also if LX/a, > 1, the series is divergent. 

For, if w < 1, let 1 — a be a number between w and 1; 
then-by definition of upper limit, there exist only a finite 
number of terms of the sequence (¥/a,) which are >1 — a, 
hence a positive integer N can be found such that V/a, < 
1 — a for.every n > N. Hence, by the first form of the 
radical test, the series ya dn is convergent. 

If w > 1, let 1 + @ be a number between 1 and w, then 
there are an infinite number of terms of the sequence (/an) 
which are > 1 + a, and hence there are an infinite number 
of values of nforwhicha, >1. Therefore, > Anis divergent. 

If L~/a, > 1, a constant g exists such that for n > m, 
we have ~/a, > g > 1, and hence >S Gn 1s divergent. 

104. Relation between the Ratio and Radical Tests.— 
By Art. 50, we find that when the ratio test applies to a 
given series, the radical test must also apply, but not 
conversely. The radical test is more general than the ratio 
test, since it may apply in cases where the ratio test is not 
applicable; but in practice the ratio test is usually easier to 
apply. S 

105. Theorem.—If Ln*a, < «(k > 1), then ea is con- 
vergent, and af L nay > 0, then > Qn ts divergent. 

This test is obtained by comparison with the hyperhar- 
monic series. For, if Ln*a, < 0, there must exist a con- 
stant g > 0 such that for every n, n'a, < g, or 


1 
On <9 oa 
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* Then each term of >) a, is < the corresponding term of the 


; 1 
convergent series > za (k > 1), so that >) Gy 1S convergent. 


If Lna, > 0, there must exist a constant A such that for 
every 1, Nan > h, or 


i h - a 
n 
and each term of >2 ad, is > the corresponding term of the 
: ; 1 .F 
divergent series > a hence > da, is divergent. 
Examples.—(1) For the series 


at 
2 Togny= ">, 


we have 
n 
NA, = (log n)™ — oo (Art. 60), 


hence the series is divergent. 
: 1 
(2) For the series > ploean, we have 


1 
=> 
log n 


0, 


NAn, 


so that the test of Art. 105 does not apply. The series is, 
however, shown to be divergent in Art. 113. 
(3) For the series 
1 : 
3 metog we (6 arbitrary), 
we have 


Nn = SRE 5 oo for a < 1 (Art. 60). 
(log n)? 


Hence, the series is divergent for a < 1. 


1 
(4) In the series > sy we have 


oe 
86 THEORY OF INFINITE PROCESSES — [§106 


‘ 


1 
nd, = p21 (Art. BA), 


hence the series is divergent. 


= te 
106. Theorem.—If La,Cn < », andif pays is convergent, 
; : ee 
then De an ts convergent. If LanDn > 0, and if > D, dwer- 


gent, then ny Gn vs divergent. 
For, in the first case we can find a constant g such that 
1 , 
GAO eS /G OF Oy 9 Woe so that > Qn 1S convergent. 
It is not necessary to assume the existence of the limit 
Lan. 
The test is sufficient, but not necessary. This may be 
: 1 
shown by taking C, = n!, and a, = nai ford - SO 
that La,C, = ©; but >» dn 18 convergent. 
If LanDn > 0, we can find a constant h such that a,Dn 


i ee 
POT Gea Tt "p,’ °° that > Qn 18 divergent. 


Here, also; we need not assume the existence of LanDn, 
and the test is sufficient, but not necessary. 
107. Kummer’s Test. Theorem.—Let kj, ko, k3, . 


2 


kny . . . , be any sequence of positive numbers, and put 
Gn : : 

TS), "ee Key? — Kaas, then PS an 7s convergent if Kn 2k>0 
An+1 


for every n, and is divergent if Ky < 0 for every n and ae ts 


divergent. 
For, if K, 2 k, we obtain 


kata Kt 1m ail 2 kam+1, 


since a4, > 0; putting m=1, 2, 3,...,n—1 in 
succession, we get 


, 
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kas Ss kya4 = kd, 
= koa, — kas, 
kag << k3a3 = k4as, 


nite 4 — kare 


IW. 


kan 
Adding these inequalities, we have 


kag + kag + . . . + kan S kiai — kndn, 
or 
kAn S kya, + kar — kndn < kay + kya, 


Anat < a(t +o 


Hence, by Art. 80, »; d, is convergent. 
If K, < 0, we have —" < oe pe oe uae 


An+1 boat n An % Kn+1 kn 


: egress 
and since > z, 8 divergent, we may apply Art. 100, and we 


see that > Gn is divergent. 
The numbers k, are called Kummer’s numbers, and the 


series > zh Kummer’s series. 
kn 
Kummer’s test is often more useful in the form: 
Theorem.—/f LK,, exists = K, then Ds An U8 convergent if 
gee Le a 

K > 0, and is divergent if K <0, and > ; % dwergent. 
When K = 0, there is no test, unless K, <0 for every n, in 
which case >, Gn ts divergent. 

This is readily derived from the preceding form. 


A more general form of this test is: 
Theorem.— >, a, is convergent if LK, > 0, and ts divergent 


—_ 1 ‘ 
if LK, < 0 and > ae is divergent. 
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Kummer’s test includes several other tests as special 
cases; in particular, the ratio test (Art. 101) and Raabe’s 
test (Art. 108). To get the ratio test we take k, = 1. 

108. Raabe’s Test.—In Kummer’s test, take k, = 


1 ibs: 
Then > hae ~ 738 divergent and 


apa camt etme radeeye 18 


and we derive the test: 


Theorem. —> a, ts convergent if no ~ 1) Pai ie | 


n+1 
for every n, and ts divergent uf n{ 2 = 1) < 1 for every n. 
n+1 


Using the second form of Kummer’s test, we get another 


form of Raabe’s test: 


Theorem.—If R, = n( & 
n+ 


~ 1), and uf LR, exists = R, 


then > a, ws convergent if R > 1, and ts divergent if 
R<1. There is no test when R =1, unless Ry <1 for 
every n, in which case > Gn ws diwergent. 
Raabe’s test is used when the ratio test fails, when 
an 


L— =1 
Qn+1 
Examples.—(1) The series 
2253.24 
a fi aok ee 
is convergent since 
2 
jon outas tS 
Ra =n 5~1)= ns op? Ape ek 


The ratio test fails here. 
(2) For the hyperharmonic series > = we have 


20) ee a =(1+ ee 


On+1 


iY 
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but 
pe o(@Sit 1) Bt * 
teal 


te : 
hence >, 72 8 convergent by this test. The general case of 


this series for any k may be treated similarly. 
(3) »; — is convergent since Rk, = te —>2> 1. 
The more general form of Raabe’s test is: 
Theorem.—The series ss dn is convergent if LR, > 1, and 
is divergent if LR, < 1. 
Raabe’s test may also be stated in a somewhat different 
form, as follows: 


Theorem.—If a can be put in the form 


Anti __ 1 
an An 


a dj . 
where L oi = 0, then if as n increases, an finally becomes and 


remains greater than some number which 1s >1, the series > An 
ts convergent, but if an finally becomes and remains < 1, the 
series 1s divergent. 

We see that a, = Rn. 

We may prove this form of the test directly as follows: 

Suppose an > 1 +a,a>0,forn 2 ». Then 


An+1 = 1 2 sn y). 
“14+ 1+ 


This reduces to 


Cpt < * [ri — (n+ 1)dnsi], (n 2 »). 
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In this inequality substitute in succession »,y +1, ... , 

vy + p for n, and add the resulting inequalities, and we obtain 
1 

Geis. Cpaelor Gs ee Oe = Ee —-(y + p)ars» | < 


Vay 
a 


This shows that the sum of the first p terms of the series 


eo : a, 
Am is always less than the constant = » hence by Art. 
m=v+l1 


foe} 


80, the series is convergent, and therefore > d,is convergent. 
1 


If, however, a, < 1 for n > », then 


fe 1 1 
= > (n > »). 


Pee eee 
n n 


Le fed. : 
But is the ratio —** for the series a d, = > : » hence 
1 Om n 
ates 
n 
by Art. 100 the series > a, is divergent. 
Example.—For the series for which ae = ie 3’ we have 
An+1 we ip 1 


Gia lam eka lau 34” 
SOP re ee ii, 


so that a, = 34 > 1, and >, a, is convergent. 
wea ee Caan 
109. Dini’s Theorem.—If > Gy is divergent, > 4.%8 also 


divergent. 
For, 
Am+1 Am+2 Am+p 
A m+1 A m2 uy i eS 
il 
= Age Hn Bpas + es ob cy Osis) 
> Amey Am 25 _ Am 


A mrp A m+-p 


§110] SIMPLE TESTS OF CONVERGENCE 91 


Now let m remain fixed and let p — ©, then since Amtp — 
oo, we have 


L Am+1 Am+2 Am+p 
> 
P A m41 Am+2 a Sao W544 + ) ae 2 
and hence De of must be divergent. 
Examples.—lIf we take Digs ae) ee ee B , we 


: ‘ On 1 ; : 
get the divergent series ys , 7 the harmonic series. 


If wetake > On = See we find leg = lo which must 


: 1 : 
be divergent, then > Siew must also be divergent; but H,_; 
1 if 
> log n, and se ys ee a and hence > loge must 


be divergent. 

110. Cauchy’s Condensation Test. Theorem.—If ¢(n) 
is a positive monotonic decreasing function of n, and if a is 
any positive integer, then the series 


(a) o(1) + (2) + 6(83) +... ton)t+... 
and 
(b) ad(a) + a2p(a?) + a®p(a?) + . . . tard(ar) +... 


are both convergent or both divergent. 
In the first series consider the terms 


(c) g(a* + 1), o(a* + 2), o(a* +3), . . . , o(a**). 


The number of these terms is a*t! — a* = a¥(a — 1), and 
since each of them (except the last) is greater than ¢(a***), 
their sum is al 


Seal 
> at(a — 1)¢(a), or > © 


akt1g(qk+1), 
a 
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By giving to k in succession the values 0, 1, 2,3, . . . , we 
get 
—1 
o(2) + 68) + 44) +... $6@ > ——- ag, 
== 1 
ga+1)+oat+2) +... + 4(a) > ——a'9(a’). 


If S, and S’, denote the sum of n terms! of the series (a) 

and (b) respectively, we get by addition, 

T= 1 
a 


aS Bs, 


hence if the second series (b) is divergent, so also is the 
first, (a). 

Again, each term of (c) is <¢(a*), and the sum of these 
terms is < (a — l)a*¢(a*). Giving k the values 0, 1, 2, 3, 

. , In succession, we get 
o(2) + (3) + . . . +4(a) < (a — 1)¢(2), 

ga+1)+¢a+2)+...+ 4’) < @ — lag), 

By addition, we get 
Sn, — (1) < @ — 1/8", + $(1)], 


hence if series (b) is convergent, so also is the first. 
Hence, the series > s(n), > a"(a”) converge or diverge 
simultaneously. 


Example.—Let us apply this test to the series SS Mine ae 


This series will be convergent or divergent for the same 
values of p as the series whose general term is 


i 1 1 1 


““a*(loga")” (nlog a)? (log a)? nP 
1n is some function of a. 
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OE ke 
The constant factor (log a)? is common to every term, hence 


/ 


. cate : 1 
the given series is convergent at the same time as y ra 


and hence is convergent for p > 1, and divergent for p < 1. 
111. Maclaurin’s Integral Test.! Theorem.—If ¢(z) 
ws a positive monotonic decreasing function which > 0 as 


x— w in the interval (a, @), then the series >: (n) is 


n=1 
1 ; , Bly. 
convergent when | Te if ¢ (x) dx exists (finite), and is divergent 
l 
when © f p. (2) da = 00, 
Sega 


If we draw the curve y = ¢(x), we see that this curve 
approaches the X-axis as an asymptote. Consider the 


Y 


set of rectangles starting with the ordinate x = a, with the 
base =1, and altitudes ¢(a), d@+1),...,¢(a+n). 
Each rectangle extends beyond the curve y = ¢(x), so 
that the sum of the areas of the rectangles is > the area 
under the curve, that is, the area between the curve and 
the X-axis and the two ordinates x = a andz = a+ n, so 
that we have 
1 Often incorrectly called Cauchy’s integral test. 
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(a) oa) +¢+1)+...+¢+n-1)> 
a+n ; 
ak o(x)da. 


Now construct a set of rectangles under the curve, with 
bases = 1, and altitudes ¢(a + 1), ¢(@ + 2),..., 


Fie. 5. 


¢(a +n), then the sum of the areas of the rectangles 
is evidently < the area under the curve, so that 


(O)en oa) 7 O(a-+ 1) FS. Sa eee), =e (Ge 
ee o(ax)dz. 


. an RAC 
If the integral f, ¢(x)dx approaches a limit as n > o, 


from (b) we see that > $(n) is convergent (Art. 80), and 


n=a 


sy u 
therefore > $(n) 1s convergent when J, f,o@)ax exists with 
1 1 ‘ 


a finite value. 
If the integral fe aT" aCe) — «© as n-— o, then by (a) 
a+n © 


the sum > ¢(m) — o, and hence >» ¢(n) is divergent when 


m=a n=1 


Lf o(z)de = ow, 
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This test may be proved analytically without the use of 
geometric considerations, as follows: 
If x is in the interval (n, n + 1), where n 2 m 2 a, then 


o(n + 1) £ (2) < (nm), 
[Po + dae sf o@an < [ o(n)ade, 


or 
g(n+1) < ["'o(a)dz < o(n). 
Put n=m, m+1,m+2,...,m-+>p in succession, 
and add, and we get 
(cc) o(m+1)+¢(m+2)+-... +¢(m+p+1) Ss 
+p 
vo $(x)dx 
So(m) + o(m+1) +... +46(m +p). 
Now if : f $(a)dx exists, as p — the integral 


[°° s@ae 
will approach a definite limit, and from the left-hand 


inequality of (c), we see that > ¢$(n), and therefore yy o(n) 
m+1 uk 


1 
must converge. But if L | 'o(x)de =o, then as p— ow, 


if +? 4 (a) dx — om, and therefore from the right-hand 
inequality of (c), we see that >) $(m) will diverge. 
1 


d : 1 
Example.—Consider the hyperharmonic series pas § 


Here ¢(x) = 4 a= 1. This function evidently satisfies 


the conditions of the integral test. We have 


t 
dx 1 1 1 
z ao ap 
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LEP Pe 
hence L as a is finite when k > 1, and is 0% when k < 1, 
l 1 


ak 
1, os : 
so that ia is convergent when k > 1, and divergent 


when k& < 1, as we have already learned by other methods. 

112. Iterated Logarithms.—For the iterated logarithms 
log (log x), log [log (log x)], ete., it is usual to use a special 
abbreviated notation. We put 


ba = x, ha = log x, la = log dog x) = log liz, 


log 1,12. 


tse = log log log + = log he, ~. . . , he 


113. Bertrand’s Series. Theorem.—The series 


1 1 1 
y n(n)? > nlyn(lyn)? » niinlon(Isn)? 


1 
ao rae res Ian: (In)? 7 


are all convergent when p > 1 and divergent when p < 1. 
Since log x does not exist in the system of real numbers 
for e < 0, the summation in the above series must begin 
with a value of n for which l,n exists. 
Let us consider first the series 


il 1 
Die or Ps Rear for pk 
Since 
Lip 


d 1l—p — 
da CEE aa a(log a)? 


we have 


1 dx ae 1 1 k 
, Blog a? ~ p—1| (og a=" — (log y=) <a<l, 


Si VEE res 1 
- J, tog x)? p—1 (logayr! 
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and since this value is finite, the series must be convergent 
forp >A, 
Now if p = 1, we have 


dlox = d tb 
Ga az 108 (log x) = 


? 

x log x 

so that 
Are 

————. = log (log 1) — log (log a), 


Glogs 


Pas 
hence Hf eloe 27° «as ]— 0, and the series is divergent 


forp = 1. By Art. 92, we see that the series will be diver- 
gent for p < 1. 
The other series may now be treated in similar manner; 
for the general case we would use the function 
1 
ED RLT DY itl nese MOREY XG A AY g 


o(z) = 


in the integral test. 
The series 


1 ii il 
D2 nan)?” > nlin(len)? 2 nlynlyn (Ign)? °°? 


are called Bertrand’s series, also the logarithmic scale. 
We may apply this scale as a test of convergence. We 
compare the terms of a given series with the first series of 
the scale, and if this fails to give a test, we compare with the 
next series of the scale, etc. 
114. Theorem.—Lei 
oan) n( eee 1) ae 


On+1 


£(n) = lin | n no S 1) = i]; 
tnt) 
£:(n) = es ", is oe ie 2 
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If there exists an r such that L£&,(n) exists = £,, then yo is 


convergent if £, > 1 and divergent if £. <1. There ts no 
test for £&, = 1. 
This result is obtained from Kummer’s test by taking 


ky, = nln, nlynlen, nlynlenlyn, . 
115. Logarithmic Criteria. Theorem.—lIf the expression 


1 
log a, 


log n 


is always greater than a fixed number which is > 1, the 
positive series > Gn 1s convergent; but if that expression is 


always < 1, the series gs is divergent. 


For if 
1 
log 
ase ee hy 
we have ’ 


log > k log n, or an mean 


nk 


es , 
But >y 7S convergent for k > 1, hence > a is convergent. 
If 


we have 


1 1 
log < log n, or a, > i 


‘T 


A Rae : : 
and since > 78 divergent, >, a, 1s also divergent. 


This test may also be formulated: 
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eee 


Theorem.—/f L Se exists = 1, then > Gn ts convergent 


ofl > 1, and dwwergent if | < 1, and no test if l = 1. 
116. Bertram’s Tests. Theorem.—I/f 


1 
An -nlynlon ob chads [,_1n, 
Ls4i1n 


log 


Q: (n) a 


then > Gn is convergent uf for some s and m, 
Q.(n) 2 > 1, a> Mm, 


and is divergent if . 


Oa 1: 
For, multiplying Q.(n) 2 u > 1 by l.41n, we get 


Leyin* Q;(n) = [e417 * by 


or 
1 
Oe FAA hie ok gh 2 log (l.n)*. 
Hence 
1 
An- nln Ag 54 F 1,_1n = (lsn)*, 
or 
il 
i = Tae le—-1n* (In) * 


Thus > Gn is convergent by comparison with Bertrand’s 


series. The rest of the theorem follows similarly. 
117. Cahen’s Test. Theorem.—lIf for every n, 


C, = n[n( — 1) — 1| < K(const.), 
then ye Gn 1s divergent. 
For, 


] 
£1(n) = WE2\ ¢, ¢ 78". Kx, 
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so that £:(n) 0, and by Art. 114, oy a, is divergent. 


This test may also be stated in the form: 
Theorem.—F or > a, to converge, it is necessary that 


En| n( meh oe 1) — 1| =+to. 
An+1 
It may also be put in a form corresponding to the last 


form of Raabe’s test: 


nr 1 n 
Theorem.—If a = = and a, =1+ Ee, where 


Ps 


— 0, then >. dy ts divergent tf Bn remains < some constant 


= 


For B, = C,. This result may also be proved directly 
as follows. We have 


os 1 1 


— = : 

n i ree 
1+-4+5 
nr n 


1+2 4% 


: Liga NS: 
Now the series pa = 8 divergent (compare with the 


, : ees : at 
harmonic series), and the ratio ‘i for this series is 
Tr 


1 eotomest ora fh, 1 
Crs) oaks nee athe eee ane 
1, +: 
n—K 
aed: 
1 2G 
dries a es 


since 
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Hence 
Anti 1 
> ) 
Qn iene (@ 
iN So PSDs al aes 
Dae ep 
sae bee tly , : Z 
which is > the ratio ie of a known divergent series, 


therefore DS ay is divergent. 

m+1 3n3 — 2n? 
= ) 

Gn 3n3 + n? + 1 


Example.—For the series for which z 


we have 
— 38net1 ees 
Bl Sy Oy oO eS 


hence >, a, is divergent. 
118. Gauss’ Test. Theorem.—If 


ee RIP ATO oe Pe eno + ap 
An+1 te adver yeh ge + Bp 
where p, a1, . . . , @p, Bi, . . - 5 Bp are independent of n, 
then > Gn ts convergent of ay — Bi > 1, and divergent if 
a, — Bi £1. 
For, we find 
ih 
Bee een) 2 Se 
‘ An+1 


1tl(m+...) 


"On "Pits 


Hence, by Art. 114, > a, is convergent when a; — 6; > 1, 


and divergent when a; — fp; < 1. 
If a; — 6B: = 1, Raabe’s test does not apply, but we can 
- use Cahen’s test. We have LC, = a2 — B2 — Bi, and by 


Art. 117 > a, must be divergent. 
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115 Bode hee ? 
Examples.—(1) 3) 5-4-. Se “mas conver- 


gent, by Gauss’ rule, for 

Odin A 2h 2 Oi Page if 

Qn41 4n2?—-4n+1 n?—-n+4 
B=-la=-%>6+1. 


SiOh task 1 
(2) SS, FA FT eae Monee S is divergent since 


An 2n 2n Pat 
Ont — on 1) on ee L 


An? -— Gn, —_* on eee 
An? +4n+1 n+n+y 
Bo 1, as = 96° < By + 
(3) The ists ee series 
a(a + 1)-B(6 + 1) 
betty tee een 
a ala + ie +2). BC Se 1)(B-4 2) 
1-2-3: verse ly 2) 
is convergent, by Gauss’ test, when a +8 — y < 0, for 
Gazi, et nt Why 


Qn42 n*+n(at+ eB) + ap 


te ee 


An n . 
119. Theorem. —If -* = 1+ = a Ee, u > 1, Bn finite, 


then > a, ts convergent if a > 1 and divergent if a < 1. 
For, 

Bn 

pl 


wig (84 


since 4 > 1, and by Art. 108, > a, 18 convergent if a > 1 
and divergent if a <1. If a = 1, we cannot apply Art. 
108, but Art. 114 can be used. We have 


L£i(n) = log n [Lo(n) — 1)=284 as 


‘Bn—0 (Art. 59), 


hence SS Q, 18 divergent. 
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120. Rapidity of Convergence and Divergence.—As 
usual, let A,, B, denote the sum of the first n terms of the 


positive series > OP > b,, and An, B, the remainders after 
n terms in the same series. Then, if py, Gis, > b, are both 


divergent, we say that >» a, is more slowly divergent than 


Donat, < Ba i.e, if Le = 0; and we say that >) a, is 


A BeSonic 0 
more rapidly divergent than > Olt A eSBs ea lias eo 


ARE Herel 
co ; while if A, ~ gBn, 1.e., if LR =g £0, < ©, we say 


n 


that > a, and > b, diverge equally fast. 
If ye: as) Ss b, are both convergent, we say ee 3 An 18 
more rapidly convergent than >» On I An < Bor 


LS = 0; and we say that > dn is more slowly convergent 


than > De ib A os Bavor = ©; while they are said to 
EDOM Ee OTe 
converge equally fast if A, ~ gBu, Z.e., if Le =r queei0, 
<0; 
121. Theorem.—/f the ratio of the general terms of two 
positive series approaches zero, the first series is more slowly 
divergent or more rapidly convergent than the second. 


Let iD = 0, and suppose first that > b, 1s divergent. 
Since B,— ©, we have by the Cauchy-Stolz theorem, 


As poe An Tr An-1 2%. An pas 
cB, e Le re, Vepaen a bs a u 
> o. is therefore more slowly divergent than pa by 
definition. The series might possibly be convergent in 


this case. 
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Now if > b, is convergent, we know the same to be true 
a 


of > An, Since 7 remains finite (Art. 94). Since A, and Ba 


— 0, we have 


ce ee ¥ Ane 
jae Te =L 
By Bn — Bn-1 Dn 


—— 0; 


and therefore > a, 18 more rapidly convergent than = Ui;3 
122. Theorem.—/f a positive series > An 18 given, We can 
; always construct another which will converge more slowly or 
diverge more slowly. 
(1) If > a, converges with sum A, and we take 
b) = Na WAi, bo = NA VAo, bs = No 


NAs heen 


then the series b, is convergent, since the sum of n terms 


of 2) bn is Bn = VA — VA,, and therefore B = VA in the 
limit. Since the remainder B, = B — B, = VA —B, = 


= Ae — 
NA, we have Lye = ENG = 0, hence a: is more 


slowly convergent than >s Qn. 
(2) Tf > a, diverges, we take 
b= V/ Ai, by = V/A = \/ Ay, bs.= / As — VAs, net et 
then » b,, is divergent, since B, = ~/A, —> ©, then ee = 
L—+~ = 0,80 that D'b,i lowly di 
Va, = 9 80 tha nismore slowly divergent than » Bn: 
It is impossible to assign a boundary between conver- 


gent and divergent series. In other words, if two series 
are given, the one convergent and the other divergent, we 
1 Using a theorem analogous to the Cauchy-Stolz theorem, but in 


which u,—0, m0. (See Prerpont, “Theory of Functions of 
Real Variables,” yol. I, art. 184.) 
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can set up infinitely many series which converge more slowly 
than the given convergent series, and infinitely many series 
which diverge more slowly than the given divergent series. 
_ 123. Tests of Convergence for Series of Positive and 
Negative, or Complex Terms.—Corresponding to every test 
for the convergence of positive series, there is a test for the 
absolute convergence of non-positive series. Thus, if 


iL; pe EES 
tL/\u| < 1, > Un is absolutely convergent. 

124. Further Developments of the Theory of Conver- 
gence and Divergence of Positive Series.—In this chapter 
we have discussed the simpler and more important criteria 
of convergence, but a large number of other investigations 
of tests of convergence and divergence have been made, 
which cannot be touched upon here. The most thorough 


and complete treatment of the subject is that of Pringsheim 
in Math. Annalen, vol. 35, pp. 297-394. 
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CHAPTER Ix 


SERIES OF POSITIVE AND NEGATIVE TERMS 


125. Theorem.—/f > Cn 18 @ convergent positive series, 
and tf the numbers v, are such that lof < K (a finite constant) 
for every n, then > Cnn ts absolutely convergent. 


For, since Ss Cn iS convergent, we have 


n+p 
PhD a <pon>r,p =1,2,3, 
But 
n+p n+p 
> le vil < Yell <KSa< Kf — =€, 
n+1 n+1 
for 2 >. »,.p = 1, 2, 3, . .....° Pherefore, “by Art. 2¢es 


> CnVn 18 absolutely convergent. 


Corollary.—If we take v, = +1, we get the theorem 
already derived in Art. 83: A series is convergent if the 
series of its absolute values is convergent. 

For if we take c, of Art. 125 as the absolute value of the 


u#, of Art. 83, and v, = a = +1, the theorem of Art. 125 


applies. 

126. Theorem.—An absolutely convergent series NY Un 
remains absolutely convergent if each term Un ts multiplied by a 
factor v, such that lool < K for every n. 

For if a, = |u,l, then > a, is convergent, and we have 

n+p 


e> 0,7, Dai <7 n>», p = 1,2,8, 
n+l 
106 


i 


- §127] POSITIVE AND NEGATIVE TERMS 107 


But 
n+p n+p 2 
2 luo = 5) av] < K- 4 i< Keg = ¢€ 
n+1 
for# > y,p = 1, 2,3, ..-<) Hence, lund is convergent, 


and therefore > Unv» is absolutely convergent. 
127. Theorem.—/f > d, ts @ divergent positive series, 


and vn 2G (a positive constant) for every n, then > dada 
ts divergent. 


For 
dy, Pa G >a 
n=1 n=1 


m ™m 
but > a — © as m— o, therefore >, dare — o, and 
1 1 


> dnn 18 divergent. 
Or we may apply Art. 125. If we assume pa Ann to be 
convergent, then Dds can be obtained from > dvs by 


multiplying its terms by 5 which satisfies the conditions of 


Art. 125, so that Dds would be convergent, contrary to 
hypothesis. 
128. Abel’s Theorem.—I/f Ds Unis a convergent series, and 


the sequence (vn) ts bounded and monotonic, then > UnUn 18 


convergent. 
For by Abel’s lemma (Art. 42), 
n +p au 
UVa < B V5 
in +1 
where B is the upper bound of |Unyl, [Unid, . . . , 


\n+ol, and V is the upper bound of lon+d.- Since >, Un 18 
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convergent, we can find » such that B< p for n > v, hence 


n+p 
UV; 
n+1 
Therefore, > UnVn 18 convergent. 
129. Dirichlet’s Theorem.—/f > un ts an oscillating 
series, and (vn) ts a decreasing sequence which tends to 0 as 


a limit, then >» UnUn U8 convergent. 


For, by Abel’s lemma, 


<a V6 > Y, Dam ly 218, : 


n+p ae 
>, wv: <<hS Ong. 
n+1 

bound of |Un41, Uae oe 


where B is the upper 
Wee B exists, finite, since a is oscillating. But 


c 
Uniti — 0 as n— ©, so that var <5 for n > », hence 


n+p 
> UV; 
n+1 
Therefore, bs UnUn 1S convergent 


Example.—The series 


=D S63 PD eh ai ashe 


cae 
B 


sin@é+ sin26-+ . +sinnéd+ . 


is convergent or oscillating; for if sin 6 = 0, every term of 
the series is 0, and if sin @ ¥ 0, the sum of the first n terms, 


by a formula of Trigonometry, is 


Bee 
2 .n+1 
- sin 5) WG. 


sin = 
2 


§130] POSITIVE AND NEGATIVE TERMS 109 


which is less in absolute value than 
1 


y 
sin — 
2 


and hence the series is either convergent or oscillating. 
; il 
Now taking the sequence (v,) to be (-), we see that the 
series 
sin 26 , sin 36 sin n@ 


sin 6 +- 5) + 3 + ...+ = 


is convergent for all values of 0. 


2 a 


Corollary.—If we take for the oscillating series > Un the 
series 1—1+1-—1+ ..., we get the alternating 
series test of Art. 81. 

130. Theorem.—/f > Un ts convergent, and (vn) 1s bounded, 
and > nt _ Val ts convergent, then >) Unn U8 convergent. 


For, since ~ Un 1S convergent, v can be found such that 


Gn < aon >, 4 = 1,2, 3, eee ie ere 
where K is some finite constant. Then by Abel’s identity 
(Art. 41), 
n+p +p? 

> und < >) [Onde ees — 0d + [Un al «Pascal 
n+l n+1 
ae {Pts yee th ares bata} >. 
Since > bins — vj is convergent, we have 
{ lente — n+ Se nes =a Uno = Oe 8 ar leno } —< Ks, 
where K is a finite constant, hence 
n+p E 
uvi< eK =en>v, p= 1, 2,3, ee 
a +1 


Therefore, >) Undn iS convergent. 


) : 
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Abel’s theorem (Art. 128) may be derived from this. For 
if (vn) is monotonic, (Un41 — Un) is always either positive or 


negative, and p32 loner — Val is telescopic, and 


> Jorg ae vi = (ve ae V1) ore (vs =, Ve) > 
1 


+ (Yn41 — Yn)’ = Unt = 01, 
or 


=" (Vii 02) + (ta 3) +>. (oe te — ae) = 
V1 — Un41), 

and since (v,) is bounded and monotonic, 0,41 — a limit, 
’ hence > lvn1 — vn] is convergent, and the preceding 
theorem applies. 

131, Theorem.—If >) u, is oscillating, and > Wass — vel 
zs convergent, and v, — 0, then > UnYn 18 convergent. 

For, by Abel’s identity, 


n+p mpl 
> wr] SD) Wn, dees — vee) + Un, al - ral; 
n+1 n+l 


since > us is oscillating, every lU,..4 < K (some finite 
constant), and 


n+p—1 


n+p } 
> uvi< K > bs — veel + Pnsol [ 
n+1 n+1 


Since >; lent _ Val is convergent, and v, —> 0, an index yp 
exists such that 
{Ptr — Unto] + Pnt2 — Ona + . . . + Pagal} 


ie eae 


i} 
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hence 
n+p 


Bue] <K-L aon asp =1,2,8 Geoka t 
n+1 


therefore > UnYn IS convergent. 


Dirichlet’s theorem (Art. 129) can be derived from this in 
just the same way as Abel’s theorem was derived in Art. 
130. 


132. Theorem.—/f > Un 18 any real convergent series, and 
af S q. 4 divergent positive series, then if Ld,un exists, 


it must be = 0. 
For, suppose Ld,,u, > 0, then after a certain value of n, 
say n > p, we should have d,u, > 0. We can regard the 


; ; i A tart eeae 
series > Un aS being derived from » vie by multiplying its 
terms by the numbers d,u,, and since these numbers are all 


positive for n > p, the series > un, would have its terms 


ultimately all positive. The numbers d,u, would then 
ultimately all be >a fixed positive number, hence by 


Art. 127, the series Dike would be divergent. Similar 
considerations hold if we assume Ld,u, < 0. Therefore, 
if Ld,un exists, it must have the value 0. It may happen, 
however, that d,u, does not approach any limit, but 


oscillates. 
In particular, if d, = n, we have the 


Theorem.—If Dia is convergent, and if Lnun exists, it 


must have the value 0. 

The condition Lnu, = 0 is neither necessary nor sufficient 
for convergence. That it is not sufficient is shown by the 
fact that there are divergent series for which it is satisfied, 


e 1 Pane 
as for example, in Dy, Rite or yt noon and that it is not 


- 
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necessary is shown by the fact that. there are convergent 
series for which nu, has no limit, as for example, 


1-W +h -M+. 
133. Theorem.—/f the terms of the positive series pare are 


monotonic decreasing, the condition Lna, = 0 is necessary 
for convergence. 


For if >. dn is convergent, a number m can befound such 
that ° 
Am+1 a Am+2 a5 oe —- Ons €, 


and since the terms form a monotonic decreasing sequence, 


each of these terms is Sa,, and therefore (n — m)an < 


forn >m. Now since a,— 0, N can be found such that 


Man <<forn > N > m. From (n — m)a, < < and 


2 2 

: ; 
Man < 9? we get by addition, na, < « for n > N, hence 
Ina, = 0. 


The theorem may also be proved by use of the Cauchy- 
Stolz theorem. Put 


U, = as n Vn = : 
n (i n Oe 
then we have 
Un Un Un-1 
— = 4n — NGAn, = An-1, 
Un Uy ae nl 


and since A, — A, An-1— A, we get 


A = A — Iman, or Lna, = 0. 


o>) il ‘ a 
134, Theorem.—The series SF (1 orn log n) 1s dwergent. 
1 


i 


§135] / POSITIVE AND NEGATIVE TERMS 113 


we have 


0 <:— log na, < er. 
Now if n— ~, p also — , and hence 
2 

ioe 2 By ee _ log? n =f 


) 


p-1 “p-1 n 
therefore L log na, = 0 and Lna, = 1. But by Art. 182 if 
Ina, # 0, the series cannot be convergent, hence the given 
series is divergent. 

135. Jamet’s Test for Convergence of Positive Series.— 


The positive series > Gn vs convergent uf as n increases indefi- 


nitely, the expression 
Sh ee), 
(a) (1 — Van ioe n 


finally remains greater than a number which is itself greater 
than unity, and is divergent if this expression finally never 
exceeds unity. 
Put a, = n-?n, then 
vt _ Pn _ Pn e, 
Meee n =e geet log, 


(Art. 55), hence 


p, > (1- Va, ) 


log n 
If the expression (a) is always >p > 1, the same is true of 


Pn, and therefore the series > dn is convergent since its 
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terms are less than those of the known convergent series 


> - If the expression (a) finally remains <1, 


NP 
(1- Va, ee See 
or 
ie G = * Jog n)" 


But the series » G — s log n ) "is divergent (Art. 134), 


hence D>; ad, must be divergent since its terms are greater 


than those of a divergent series. 

In applying Jamet’s test, it is often more convenient to 
consider the limit of expression (a) if such exists. Thus we 
get the 


Theorem.—If L(1 — Van eae =, then >) An 18 COn- 


vergent if J > 1, and divergent if J < 1, and there is no test if 
J = 1, 
When the test fails for J = 1, we can consider expressions 


of the form 
(i Vator a = tae tee 


making use of the fact that > converges for 
2 


n(logn)% 
q > 1, and diverges for q < 1. 


REFERENCES 


Prerpont, “Theory of Functions of Real Variables,” vol. II, chap. 
TDs 

Bromwich, ‘Introduction to the Theory of Infinite Series,’’ chap. III. 

Niexsen, ‘Lehrbuch der unendlichen Reihen,” chap. VIII. 

PrinesHEm, “ Vorlesungen tiber Zahlen- und Funktionen-lehre,”’ vol. 
I, abs. II, chap. III; abs. III, chap. II. 

Fasry, “Théorie des Séries,” chap. III. 

Kwopp, ‘‘Unendliche Reihen,”’ chaps. IV, X. 


CHAPTER X 


CONDITIONAL AND UNCONDITIONAL CONVER- 
GENCE 


136. Rearrangement of Terms.—Let > Un be any given 
series. If > v, has each of its terms identical with a 
definite term of ps Un and conversely; that is, if each v, 
is identical with some wu,z, where n and n’ are each finite, 
then Be v, 1s said to be a rearrangement of Ds Une Lue 
rearrangement must be according to some law or norm. 

Example.—The series 

1+4-W4+K4t6-Mt+. 
is a rearrangement of 
1+ -M+hg- 

137. Conditional and Unconditional Convergence.—If 
the convergence of a series 1s not changed by every rearrange- 
ment of terms, the series 1s said to be unconditionally conver- 
gent. If a convergent series becomes non-convergent by some 
rearrangement of terms, it 1s called conditionally convergent. 

138. Theorem.—A convergent positive series 1s uncondi-~ 
tionally convergent; that 1s, the convergence of a positive series 


is not affected by any rearrangement of terms, and the sum of 
the rearranged series is the same as that of the original serves. 


Let SS Gn be the given series, and > a’, any rearrange- 
ment of terms of Be Gn, and put A’, =a’; +a’2+ . 
+ a’,. Then since the positive series SS Qn iS convergent 
with sum A, we have 


ee 0 pp Ay ss AG <n >7, 
115 
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and since the terms of ~ a, are all positive, it follows that 
A = Ante = Pp 1, 2, 3, . 


Now a number n’ can be found such that the first n terms of 
>, a, are contained in the sum of the first n’ terms of yy aa, 
so that A, < A’,. Also a number n” can be found such 
that the first n’ terms of > a’, are all contained in the sum 


of the first n” terms of aS as so that AS Aa ae 
Since A — A, <¢, A — An <, (n”” = n+ 7), we have 
A—A’, <e for every n’>~v. Therefore A’,,—> A 


as n — ©, and hence > a’, is convergent and has the sum 
A. 

139. Theorem.—A divergent positive series remains prop- 
erly divergent after every rearrangement of terms. 

For with the same notation as in Art. 138, we have A’,, 
2=A,; but by hypothesis, A, > © as n > ©, and since n’ 
2nand A’, 2 An, we have A’,, — ©, and hence > a’, is 
properly divergent. 

140. Dirichlet’s Theorem.—An absolutely convergent series 
is unconditionally convergent; that is, an absolutely convergent 
series remains absolutely convergent after every rearrangement of 
terms and its sum remains the same. 

For, if > Un is absolutely convergent, and (a,) and (—b,) 
are the positive and negative terms of > Un, then by Art. 


85, > a, and Dae are convergent. But by Art. 138, 
a rearrangement of terms in the positive series > a, and 
>t: does not affect their convergence or sums, hence 


>, un Will remain convergent and its sum will remain 
unaltered. 

141. Riemann’s Theorem.—The terms of a simply con- 
vergent serves can always be rearranged so that, (1) the new 
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series 1s convergent with any arbitrarily given number as sum, 
or (2) so that the new series is divergent, or (3) so that the new 
serves oscillates between arbitrarily assigned bounds; and each 
of these rearrangements may be made in infinitely many ways. 
That ts, a simply convergent series ts conditionally convergent. 

The first part of this proposition may be proved as follows. 
Suppose we wish to make the sum of the rearranged series 
equal toc. We write down the positive terms in order, and 
stop at the first term which makes the sum of these terms 


> o; this can be done since by Art. 85 the series > a, and 


>. b, are divergent; next we write down the negative terms, 
and stop at the first term which makes the sum < c; we 
continue the process by adding on further positive terms, 
stopping at the first term which makes the sum > oc; and 
soon. The values of the sums thus obtained oscillate about 
o, and the range through which the oscillation takes place 
diminishes continually, tending to a limit 0, since the general 
term of a convergent series — 0. Hence, the new series 
converges to the sum a.! 

142. Example of Riemann’s Theorem.—Consider the 
simply convergent series 


eae 4 1 1 
A=1-954 ae Ca yeaa ae ee) 


Seem See let 


The sum of this series is 


= 1 1 
DAC, +1 2n+ 5). 
If we write the terms of the series in another order, putting 
two negative terms after each positive term, we get 


adele CU Aa 


TP Ge Tap a Fe a Ra 


1 For a more detailed proof, see Hoxsson, ‘‘Theory of Functions of 
a Real Variable,” art. 334. 
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It can be easily shown from a study of the sums Asn; 
Ant, and Agni. that the new series converges. Its sum is 


< 1 1 1 
sO cues go ritar wri) 
But we have the identity 


1 Lea weal ai Tse ee ) 
Intl 4n+2 4n+4 2\2Qn4+1 2n+2 


so that the sum of the second series is half the sum of the 
first series. 
Next consider the rearrangement 


es ig eg eee 
lé+ 
. 76 
We have 
ib 1 1 1 1 
Sein ae yg aah aN 2n 
1 1 
= Hin — 5 Hon — 5 Hn 
1 
om (Han — Hon) + 5 (Hen — Hn) 
1 
= An + 5 Am 


If we now let n > ~, we obtain 
C =A + 6A = 3A. 


143. Dirichlet’s Theorem.—For the unconditional con- 
vergence of a series, it is necessary and sufficient that it con- 
verge absolutely. 


For, if > Un be absolutely convergent, then it is uncondi- 


tionally convergent by Art. 140, so that the absolute 
convergence is a sufficient condition for unconditional con- 


vergence. If yi is unconditionally convergent, it must 


, / } hk me) ] 
f 
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be absolutely convergent, for if it were not, it would: be 
conditionally convergent by Art. 141, and hence the condi- 
tion is necessary. 

We have seen that the concepts of absolute convergence 
and unconditional convergence are coextensive and for all 
practical purposes identical; similarly with simple con- 
vergence and conditional convergence. From now on we 
shall use only the terms absolute convergence and condi- 
tional convergence, as is the usual practice. 
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CHAPTER XI 
MULTIPLICATION OF SERIES 


144. Multiplication of Series.—If we have two infinite 
series y Un and > Un, and wish to form their product, we are 


naturally led to form the sum > uw; for all combinations of 


1, j without repetition. We may write the first part of this 
sum: 


> UN, = Uy Uae + Us Le YY es 
Cee 
+ Uev1 + Ue + Uods +... + Um + . 
“F Us0t pr Use FF oUstg +. eS Ue 


tnt ch Unde A tatate =. tet ce ee 


We shall evidently obtain all terms if we write this in the 
form: . 
U1 + (Uwe + U1) + (wis + Ueve + UsV1) 
= (wi4 + Us + Usd. + Wav) 5 rn Oh 
(dita Ue hb oo. er) ee eee 


in which each parenthesis represents the sum of the terms in 
diagonals of the rectangular array. This may be written 


foo} 


more briefly > Wn, Where Wy = Un + Unit... + 
1 
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Und1. This series > Wn is called the Cauchy-product of the 


two series ye is > Un, or simply the product series. 
145. Mertens’ Theorem.—If > ns > Un are convergent 
with sums U, V, and at least one of them, say » Un, 18 abso- 


lutely convergent, then the product series >» Wn Us convergent, 


and its sum is W = UV. 
We have 
W1 = Ui01, 
We = Uwe + Uv, 
W3 = UjvV3 + Uqve2 + U3V1, 
Ws = Us + Ugd3 + Ugve + U4v1, 


Wye U yy Te UM gated) ols Un 


Adding, we get 


W. = UV n == U2V n-1 + UsV n—2 a Behe 8 + UnV 4. 
Substituting V, = V — Ve we get 
W, = u(V — Vn) +u(V —Vaa)t .. . tun (V—-Vi) 
= Vion, 
where 
on = U1Vn + UVa bt... + unVi 


If we could now prove that o, — 0, we should have 
W =LW, = LU,V =V-LU, = UV, 


and our theorem would be proved. 
Let us then seek to prove Lo, = 0. Divide n into two 
parts v and n — », each of which increases indefinitely with 


n. Then the remainders V; are separated into two sets: 


a —— — A 
Vi, Vo, V3, a ig ey) Vests / 
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and Sond ah = Vabut. x! 
Vir Viger is ope fel 9 Ves f) 
Since x Vy, i8 convergent, this sequence of V's tends to 0, 


and therefore the sequence is bounded; let B be the upper 
bound of the absolute values of the first set and B’ the upper 
bound of the absolute values of the second set. B remains 
finite asn — and B’ 70 since n—y—>0o a n— om. 
Then | 


(a) bo) < Bl +... + h)+ Buti +. . 
+ |unl). 


Since >: Un is absolutely convergent, De lun| is convergent 


with sum U’ say, and we have 
jul + us| > ee 


- and by the general principle of convergence, we have 


Mee EU 


e > 0, N,(lusaal + [eel +o. © + fetal) < aR ya 


since B is finite; and since B’ > 0 asn— © and »y—> o, 
we have 


Cel ONT! xe Se ras eke > V: 
eS AR Sor U'+B: Spo atg are Mae 


where VN, > N, N’. Hence, Lo, = 0, and our proof is 
complete. 


146. Cauchy’s Theorem.—/f De JE > Vn are both abso- 


lutely convergent, then the product series > vn ts absolutely 
convergent. 
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For, since > this > Un are absolutely convergent, the series 
> lenl, > lv,| are convergent, and by Art. 145 their product 
series is convergent, so that if 


On = lw] 4 lon ae 3 lyn»—a| ae oy months + lual “bo, 


Ue 
then by, ®, is convergent. But 

fol < fualPal +. - © + [em bil = oa, 
so that by the comparison test, > lw,| is convergent, and 


therefore > W, 1s absolutely convergent. 


147. Abel’s Theorem.—/f Dre > Un are convergent with 


sums U, V, and if the product series pe W, vs also convergent 


with sum W, then W = UV. 


As in Art. 145, we have I) 
Wp pele nekitten os ks. oe tes 4, | 
Reece kW, = Ua Vin Van ee 
+ Uni, 
or ¥ 
(a) (Wi + We + Rec ys 
*(UVat UVa + - evans 


Since LW, = W, we have by Art. 39, 
LiWitWit...+W.)=W, 

and since LU, = U and LV, = V, we have by Art. 40, 
L= eA Ova UV: 


Hence, by (a), we get W = UV. 
148. Multiplication of Conditionally Convergent Series.— 


When neither > Un nor >, vn converges absolutely, the prod- 


y 


\ 
\ 4 
\ 


{ 
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uct series may not even converge. This is shown by the 
following example due to Cauchy. 


, Ht 1 if k A 
The series 1 — hE ERS — Ve 4- . . . 18 conver- 


gent by the alternating series test, but it is not absolutely _ 


1 it 1 
convergent since 1 + As: + V3 = ea + .. . is diver- 


gent, being the hyperharmonic series for k = 14. If we 
multiply this series by itself, we get the series 


1 1 


1 1 1 1 
Oat a) ae eee 
1 ile Ma 1 i 1 
neat aaeaoaae er em 
1 1 1 i 1 
(SS +wayeas t ae tt ro 
1 1 1 = 
Raa tae) 


The general term of this series may be written 


n—-1 1 \ 
Wa = + =~ 
t OEE V/m(n — m) } 
By mips V/m(n — m) < ”, and cd eee Sin d 
By ike /m(n —m) =n 2” 
b. .2(n—1) 1 
hw,| > aa 2 (1 = - ) Hence, > W, cannot be con- 


vergent since its n* term does not > 0. 
149. Division of Series. Theorem.—If >) u, and >) o, 


are convergent with sums U and V respectively, and if > Un 
converges absolutely and v, ¥ 0, then 


U _ dtm 


USeore 
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where 
Ups 2 Able <> SES Ry Sg ets ; 
V1 


Ln = 


provided > Ly 18 absolutely convergent. 
For, in order that we may have 


Un 
the series > Un Must be the product of > Vn, and » Lge 


Since both > Vy, and 3 x, converge absolutely, by hypoth- 
esis, they may be multiplied (Art. 146) and the product 
written 


SOU ie t+ Lai). 2. AH Git, ean 

lit )actae 
If this series is to be identical with > Un, the values of 
X1, Lo, . . - 4 Ln, - . . Must be determined so that the 


corresponding terms of the two series are equal; then 
U1 = X1V1, 
Uz = LW2 + G2, 
Us = LW3 + Love + 3V1, 
Nea Oct Dano ts A en, 


Solving for the x;’s, since v1 ¥ 0, we get 


U1 
el ie) 

V1 

Uz — X1Ve 
G2 = ) 

V1 

Uz — L103 — XL2vVe 

C3 = 
V1 

Un — U1Un — LQVn—1 — Ln-1V2 

Ln = ? 
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CHAPTER XII 


SERIES OF VARIABLE TERMS—UNIFORM CON- 
VERGENCE 


150. Convergence of Series of Functions.—Let > un(2) 
1 


be a series whose terms are continuous functions of a complex 
variable z defined in a region R. When we say that this 
series converges for a value z = 2 in R, we mean that when 


foo) 


2 is substituted for z, the series of constant terms ps Un(Zo) : 
1 


is convergent; that is, if U,(zo) = > vim (Zo) be the remainder 
+l oe, 

after n terms, then lV, (20)| < « for n > some index Ny, 

however small « > 0 may be. } tr ~ bie é 


151. Uniform Convergence.—A series >) un(z), each of 
‘| 


whose terms 1s a function of 2 defined in a region R, is said 
to be uniformly convergent 7n that region if it converges for 
every value of z in R, and vf, for any arbitrarily small e > 0, 
an index N, independent of z, can be found such that |U,,(z)| 
< efor everyn 2 N and for every value of zin R. 

The essential point in this definition is that the index NV 
shall hold for every zin R. For any preassigned value of z 
for which the series converges it is evident from the defini- 
tion of ordinary convergence that for a given e, an index N 
(dependent in general upon the chosen value of z) can be 
found which will make !U,(z)| < « for n 2 N. But, in 
order that the series shall converge uniformly, it is necessary 

127 
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further, that the same index N should satisfy the condition, 
no matter what value of z be selected in the region R. 
Examples.—(1) Consider the series 


Sapepiapeny mrt aa 6 
Da? 2? Se Pe are 


in which z is a real variable. This series is convergent by, 
the alternating series test. We find 


1 


Un ai< pope eevee 


Now if this series is to be uniformly convergent, we must be 
able to find an index, N, independent of zx, such that 


1 i 
Perret =| > ae pres Sie : 
mate 36 or Se Solving sta a1 < €, wey 
find 
j 
(a) ewe iets 


) 


' 1 
If for any particular «, we put N = a 1, then for any 


finite x, we should have the condition satisfied if we take 
n > N. Hence, the series is uniformly convergent for 
every finite value of x. 

(2) Consider next the series 


= 2? + feo ee ws 
1 + 20a (lise)? : ae! + a?)n 
te) ae 


H 


where xis areal variable. This being a geometric series, we 
find, for « # 0, its sum U(#) = 1+ 22, and remainder 


1 
U,(z) = Gata If we put |U,(x)| <«, we have 


1 


1 
aqt+2 a <6 ord tat > onl 
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If we choose a value n = N which satisfies this inequality 
for a definite z, and write 


ge 2 
Dea ere N se 
since the right-hand side of this inequality is > 1, but 
constant for assigned values of e and N, we can find positive 
values of x (near 0) which do not satisfy this inequality. 
Hence, the condition [U,.(x)| < e not being satisfied for all 
values of x in the interval (0, 1), the series is not uniformly 
convergent in that interval. 


(3) Now let us examine the series 


x x x 
Po Gee ere) 2s Gre) ee 
(GeO) 
We have 
ee 1 oy 1 
ee oy, tek I nt +1 
Raga east cect 
Aron OG Cea ae a Pee 
iiss >. 0: 
= 1 
O(a) = LU (2) aia, U3(2) = Per 
butif« = 0, 
un(0) = 0, U,(0) = 0, UO) = 0 
Now we have U,(x) < or —y < e, provided 
Pat 
n> : : 
x 


If x is fixed, however small «, we can find NV (i next 


Pedal 


€ 


integer above such that U,(z) <e for n 2 N. 


9 
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But this value depends on z, and as  — 0, we have N > o, 
and hence the series is not uniformly convergent in the 
interval (0, 1). 

152. Geometrical Discussion of Uniform Convergence.— 
If the series > u,(z) is uniformly convergent in an interval 
(a < x < b), there exists an index N such that for n 2 N, 
and for every «x in the interval, 

(U(x) — U,(z)| < ¢, 
or 
U,(xz) —e < U(2) < U,(z) ten 2 N. 


Now if we draw the curve y = Uy(zx), and the two parallel 
curves y = Uy(x) + «, at a distance « on each side, then the 


Y| 


Fia. 6. 


curve y = U(x) must lie within this strip in all the interval. 
If we make e decrease, the index N cannot decrease but 
may increase, and we thus bring the two curves bounding 
the strip closer and closer to one another, and crush up 
y = U(z) in all the interval (a, b) within two continuous 
and neighboring curves. Hence, in the case of uniform 
convergence, the approximation curves y = U,(z) will give 
a correct indication of the shape of the curve throughout 
the interval of uniform convergence. 


. \ 1 . 
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153. Weierstrass’ M-test for Uniform Convergence. 
Theorem.—If the terms of > Un(Z) are continuous functions 
of 2in a region R, and if lun(z)| <M, for every n and for all 
values of z in the region R, and the M, are positive con- 
stants, independent. of 2, then if > M, ts convergent, the 
series >; Un(Z) ts uniformly convergent in R, and moreover it ts 
also absolutely convergent in R. 

For, since », M,, is convergent, its remainder satisfies 
the condition 

>> Mya t ZN. 
n+1 
But from |u,(z)| < M; for every 7 and every z in R, we get 


foe} 


< Dluw@|< Sear 2 


n+l n+1 


foo} 


Dz: ui(2) 


n+1 


for n 2 N and for every z in R, hence » Un(Z) is uniformly 
convergent in Rk. By Arts. 92, 84, we see that > Un(Z) is 
also absolutely convergent. 

This criterion, due to Weierstrass, gives a very con- 
venient practical test for uniform convergence, and is the 
one most widely used; it serves for most of the series met 
with in elementary analysis. 

Examples.—(1) The series > M, sin nx is uniformly 


convergent in any interval whatever, provided > M, 


sin nx 
nP 


converges, since |sin na| < 1. Thus the series > 
1 


(p > 1) converges uniformly for all real values of x, since 


sin nx 
nP 


Wes 
= = for every x, and >, peas convergent for p > 1. 


COS NX 
NP 


Similarly for the series >, (pee 1); 
1 
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(2) Yo is uniformly convergent in the interval 


(0, 2%), since 
eens a | 1 


< 
Qrere Qn 


Ls. 
for every x > 0, and > an IS convergent. 


Weierstrass’ test gives a criterion for both uniform and 
absolute. convergence. But uniform convergence of a 


series does not ensure its absolute convergence, nor con- 
2 


versely. Thus, the series > aqt2) converges absolutely, 
but we have seen (in Art. 150) that it does not converge 
= (=D 


uniformly near x = 0; the series p2 con 


formly, but is only conditionally convergent; that it is not 


converges uni- 


absolutely convergent is shown by the series ae - * 2 


being divergent; for all real values of x the terms of the series 
are alternately positive and negative, and numerically 
decreasing, so that by Art. 81 the remainder after n terms 
is numerically less than the n‘* term, and hence it follows 
that the series is uniformly convergent. 

154. Tannery’s Theorem.—/f 


F(n) = vo(n) + v1(n) + ve(n) + . . . +2,(n), 


wnere p becomes infinite along with n, and if Lo,(n) = wu, 


(r fixed), and |v,(n)| < M,, where M, is positive and inde- 
pendent of n, and > M, ts convergent, then 


LF(n) = wo + wi + Wa + » eg UB Dea ee See 


\ 


§155] SERIES OF VARIABLE TERMS 133 


Since > M, is convergent, we can choose qg so that > M, 
qa 


<e; then choose n so large that p > q; we have then 


Wo Geert eo Pl XS > M. <.¢, 
or j 
IF(n) — (vo tot... + Vg-1)| <€. 


We have also 
lwo + Worr tweet... tpt... toa< > Me<e. 
Then : 


(F(n) — >, vA<|(vo oy bo. ge) 
0 
a? (Wo + wr + a ae + Wo or)| ez: 
Since gq is fixed and independent of N and Lv,(n) = w,, if 


we let n — ©, we find 
L|F(n) — W| < 2e. 


Since « is arbitrarily small, we have 
L{F(n) —W]=0, or LF(n) =W => m,. 
ee 0 


155. Continuity. Theorem.—I/f Ds Un(Z) ws uniformly 
convergent in a region R, and its terms u,(z) are continuous 
functions of z in that region, then its sum U(z) ts ttself a 
continuous function of z2in R. 

Let 2) be a value of z in the region R, and let 2. + h be 
a value of z in the neighborhood of 2 which also lies in the 
region Rk. Then we may write 


U(zo +h) — U(eo) = U(eo + h) — Unleo + h) 
+ Un(@o + h) — Un@o) + Un(eo) — Uo), 
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and therefore 
[Uo + h) — Ule0)| < |UGo +h) — Unleo + h)| 
+ |Un(@o + h) — Un(@0)| + |Un(eo) — U@o)|. 
Since > un(2) is uniformly convergent in R, for any arbitrar- 


ily assigned small e, we can find an index N such that [U.(2)| 


€ 
5 <r 


3 for n 2 N and for every z in R, and therefore we have 


Goth): — Une +h)| < 2 |U,.(@0) — U(e)| < 3 


for n 2 N. But since each u,(z) is continuous and U,(z) 
is a sum of a finite number of such continuous functions, 
we have, by the definition of continuity of functions, 


alo Re aanlee : 


for |h| < some 5. We get by combination of the three 
inequalities, 
|UW(2o +h) — Ule)| <e 


for ln < 6, which shows that U(z) is continuous for z = 2g. 


This continuity theorem may be given another form, as 
follows: In the inequality 


[U(eo +h) — Ule)| < «, [Al < 4, 
if we put 2. +h = z, we have 
VERB) U(20)| <«, lz — Z| < 4, 
which may be written 
Lh UC evi O(e5). 


z2— 20 


or 
ne Oe Un (2) os > Un (20) a an Un(2). 
1 1 1 


Thus we have the 
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Theorem.—When a series > Un(Z) ts uniformly convergent 


in a region R, and its terms are continuous functions in 
that region, then if 29 is a point of R, we have 


L Yue - > Lente ye 


2 20 z—20 


156. Theorem.—A series which represents a discontinuous 
function cannot be uniformly convergent in a region which 
includes the point of discontinutty. 

For if the series were uniformly convergent, it would 
follow from Art. 155 that the function would be continuous 
in its region of uniform convergence. 

Uniform convergence is a sufficient condition for con- 
tinuity but it is not a necessary condition, for non-uniformly 
convergent series are known which represent continuous > 
functions in the region of non-uniform convergence. 

Example.—tThe series 


ye? 
threat apa 


already discussed in Art. 151, has been shown to be non- 
uniformly convergent in the neighborhood of x = 0, and 
we shall now show that it is also discontinuous there. 
We have U(r) = 1+ 2? for x #0, and when x+—0, 
U(x) > 1, but U(0) = 0 since when we put x = 0 every 
term of the series is 0. Hence, Evie) ~ U(0), and U(2) 


is discontinuous at x = 0. 

Thus a merely convergent series of continuous functions 
does not necessarily represent a continuous function. 

157. Integration of Real Series.—Let >, un (x) be a con- 
vergent series of real functions continuous in an interval 
(a, b). We say that the series can be integrated term by 
term between limits x and x, lying within (a, b), if the 
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sum-function U(x) is integrable between these limits and 


the series 
> yh n(x) de 


converges to the limit 
a U(ax)dz. 


Theorem.—A series of continuous functions which con- 
verges uniformly in an interval (a, b) may be integrated term 
by term, provided the limits of integration are finite and lie in 
the interval (a, b): 


his (> uaa) -- yf wtore 


For, by virtue of the uniform convergence of > Un(x), we 
may write 


where lv.(z)| < efor n 2 N and for every z in (a, b), N 
being independent of z. 


ah Ate [ Cees ub ends. 


or since 
i U, (a) de -f (Xu) dp.= par us(a)de, 
xo x0 pe t=1~7%%0 
we have 


> Gf “bade = ve ier ue "lana 
1 xo xo he 
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Now 
f Gace < [WGacollasy < eles ad, 
hence 
L sf. "Tale)de = 0, 
and we get a 
L S he “naar = =f “U@)dr, 
x at San i 


(a) a) ( > Une) Jat = > valerate 


158. Theorem.—If a uniformly convergent series be inte- 
grated term by term, the resulting series of integrals is uni- 
formly convergent. 


Let > un(x) be the given series, uniformly convergent in 
1 


an interval (a, b), and let Un,»(x) be its partial remainder. 
Then since > Un(x) is uniformly convergent, we have 


lUn,»(x)| see 


for n > N, every p, and every z in (a, b), however small « 
may be. The partial remainder in the series 


Py a Un(x) dx 


n+p LA 21 n+p 1 

>» af uate =f (Sue ar =f Un,p(x)da. 

n+1 xo v0 m1 29 
[Vana rae 


is 


»But 
a fs [One (x) - |da| =e Jar a Lol 
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for n > N, every p, and every xin (a,b). Hence, 


> hs WE Ge) dx 


is uniformly convergent in the interval (a, b). 
159. Differentiation of Real Series.—Let >) u,(z) be a 


convergent series of real functions, whose terms possess 
definite derivatives of the first order at the point x = 2. 
We say that the series can be differentiated term by term 
at the point « = x when the sum-function U(x) has a 


derivative at x= 2) and the series > u’,(x) converges to the 


limit U’(ao), where the accent denotes differentiation: 
d d 
u',(t) = Fun(a), and U'(a) = dqu lene 


Tkeorem.—Any convergent series of functions may be 
differentiated term by term if the resulting series is uniformly 
convergent: 


Ths > Un(x) ts convergent with sum U(x), then if the series 
> u'n(x) ts untformly convergent in an interval (a, b), its 


sum ts U'(x): 


d(~ oy  d 
@ — ECS) = we) = Demo, 


provided the latter series ts uniformly convergent in (a, b). 
For, since > u’,(x) converges uniformly in (a, b), by Art. 
157 we may integrate it term by term, obtaining the series 


@ 


> [O waleae => [ato un(eo)| 


1 


= > Un(x) — >, tin (0) = U(x) — U(a). 
I 1 
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The sum of this series must be ye V (x)dz, where V(z) is 


0 


the sum of >i u’,(z). Hence, 


[reas = U(x) — U(x), 


0 


which shows that V(x) is the derivative of U(z). 

160. Quasi-uniform Convergence.—Uniform conver- 
gence is a sufficient but not a necessary condition for 
continuity of the sum-function, as can be shown by examples. 
Arzela has given the necessary and sufficient condition that 
the sum of a series of continuous functions shall be continu- 
ous in terms of what he calls “convergenza uniforme a 
trattl’’ (generally called quasi-uniform convergence in 
English). 

A series is said to be quasi-uniformly convergent when tt 
converges for every value of x in the interval considered, and 
when to every positive e, however small, and to any given posi- 
tive integer n, however great, there corresponds a fimte positive 
integer n’' > n, such that for every value of x in the given inter- 
val there exists an integer nz comprised between n and n’ for 
which 


Wn. (x) <.« 


161. Uniform Convergence of a Series of Functions of 
Several Variables.—The definition of uniform convergence 
may be readily extended to series in several variables. Let 


co 


> Un(2, y) be a series whose terms are functions of two inde- 
1 


pendent variables x and y, and let us suppose that this series 
converges for all points (2, y) lying in a region R bounded 
by a closed contour C. This series is uniformly conver- 
gent in the region R, or with respect to x and y, «f, for any 
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arbitrarily small « > 0, an integer N can be found such that 
lU.(z, y)| <e 


for n > N and for every point (x, y) in the region Rh. 

It can be shown that the sum of such a series is a continu- 
ous function of the two variables x and y win this region, 
provided the terms of the series are all continuous in this 
region R. 

The theorem on term-by-term integration may also be 
generalized. If each of the terms of the series is continuous in 
R, and if U(z, y) ts the sum of the series, we have 


Gf. if U(x, y)drdy = > ap [iste waeay, 


where each of the double integrals is extended over the interior 
of any region inside R, provided the given series is uniformly 
convergent in R. 

162. Uniform Convergence of a Sequence of Functions.— 
Let 


filx), fo(x), fa(x), si a os » IoZ) 5 


be a sequence whose elements are functions of a variable x 
(real or complex). Suppose this sequence converges for 
every x in a region #, and denote the limit by F(a). 

If for any € > 0, as small as we please, a positive integer 
N, tndependent of x, can be determined such that for every 
n 2 N, we have 


F(z) — falz)| <e 


for every xin R, we say that the sequence is uniformly conver- 
gent and that f,(x) converges uniformly to its limit F(x) in 
the region R. 

By a slight modification of the proof of Art. 155, we can 
show that: If the elements f,(x) of a uniformly convergent 
sequence are continuous functions of x for every n in a region 
R, the limit F(x) is itself a continuous function of x in R. 
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CHAPTER XIII 
POWER SERIES 
163. Power Series.—A series of the form 
P= dy + 0128 -F Gee* -F aae8 er ae > ane", 
n=0 


where the a; are real or complex constants and z is a real or 
complex variable, is called a power series. 

Since P reduces to a when z = 0, we see that every 
power series converges for at least one point. On the other 
hand, there are power series which converge at but one 
point, as for example, 


Goch Lie. + 2le? Sie? + 2-2 
which diverges for x ¥ 0, since Ln/a™ = , 


Most power series converge for some values of z and 
diverge for others. 
A more general form:of power series is 


P=a+a(z2— a) + a(z — a)? + a;(2 — a)? + . . 


We say P is developed about the point a. 

164. Theorem.—If when z = 2 each term of the power 
series > Anz” 1s tn absolute value < some finite positive con- 
stant c: lanzo”| <c for every n, then the power series 1s 
absolutely convergent for every \2| < lec. 

For, from |a,20"| < c, we have 


n 


Zo 


Ane” AnZo"| ° 


Zo 
142 
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for every n. Hence, each term of >» lanz*| is < the cote 


J ae : ee 
sponding term of > c ;| ; but this latter series is a geo- "> 
0 


metric series which converges for <1, ore < kd; 


@ 
0 


Therefore, by Art. 92, the series >) la,2”| converges and 
hence > a,2" converges absolutely for |e] < |e. 
165. Theorem.—/f >) ane" converges for 2 = Zo, it con- 
‘verges absolutely for |z| < led. 
For if >, azo" is convergent, all its terms have finite 
values, and the conditions of Art. 164 are satisfied. 
166. Theorem.—/f. >, onz" ts non-convergent for 2 = 2o, 
itis also non-convergent for every le| > leq]. 
For if oy G2" were convergent for a value of z such that 
lz| os led, it would also converge for z = 2, by Art. 165. 
167. Circle of Convergence.—If we put in a class A; 
all positive values of z for which > Anz” converges, and ina 
class A» all those for which it is non-convergent, then by 
Arts. 165, 166, it follows that every number of A, will be 
-<every number of A. This separation includes all the 
positive real numbers, hence the cut (A;, Az) defines a real 
positive number p, which has the property that for every 
q le| <p, the power series >» anz” is absolutely convergent, 
and for every l2| > p, the series is non-convergent. Hence, 
a,2” converges absolutely in the circle with radius p and 
center at the origin, and is non-convergent at all points 
outside this circle. This circle is called the circle of con- 
vergence of the power series >, an2" and p is called the 
radius of convergence. ee 
The preceding demonstration gives us no information 
as to what happens on the circumference of the circle 
of convergence, for lz| =p. At these points the series 


a 
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may be absolutely convergent, simply convergent, or 
non-convergent. 

For a real power series, the region of convergence becomes 
an interval of convergence, and p is called in this case the 
limit of convergence. 
~ Examples.—(1) The power series 


Ne ee ti bak hel i is cae 


has the interval of convergence —1 < x < 1; both end- 
points of the interval, « = +1, must be excluded. 
(2) The series 


Ge Ao a a 
oh 7 cktooska oh , 


has the interval of convergence —1 < zx < 1;, the upper 
end-point x = 1 is to be excluded. 
(3) The series 


L ce as 
a Lee ’ 


has the interval of convergence —1 < x < 1; both end- 
points « = +1 being included. 
(4) The series 


1+ lle + 2!e? + 3leF? + 


is convergent only for x = 0, and non-convergent for all 
other points. 
(5) The series 


x a? 48 
I+ytatat ’ 


is convergent for all finite values of 2. 
168. Determination of the Radius of Convergence.—By 


the ratio test of Art. 101, the power series > a,2”| con- 
verges if 
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that is, if 


<b . 
4 n Mae 
Similarly, > lane” i is divergent if |z| > he ‘Hence, if 
n On+1 
a : : 
Ly ; exists, =p, the power series converges absolutely 
n n+ 


for |z| < p, and is non-convergent for lz] > p, and we have 
the 


Theorem. 


=p, then p ts the radius of 


convergence of > One 

Applying similarly the radical test of Art. 103, we obtain 
the 

Theorem.—If L~/|a,| exists = r, then * is the radius of 


convergence of SS Cae: 

169. Uniform Convergence of a Power Series. Theorem. 
The power series > anz" 1s uniformly convergent at all points 
within the circle of radius p’ , where p’ < p, and p ts the radius 
of convergence of > Ones 

For, if p’ < p, the series converges absolutely for z = p’, 
and the remainder for that value can be made arbitrarily 
small: 


{lanssp’** Bee a lanspp'™?| + re 1 SN, 

But if |z| < p’ we have 

lang ie"? + are a+ An+p 2" "tp + ‘ ; | < { langip’* +] 
Shans os: + lang pp!™t?| Mie noon 


hence > az” is uniformly convergent for every |2| <a 
170. Continuity of a Power Series. Theorem.—The 
sum f(z) of a power series > Anz” 1s a continuous function of z 


- for all points within the circle of convergence. 
10 
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For, if 2) is any number in absolute value < p, the radius 
of convergence, it is evident that a number p’ may be found 
which is < pand >ked. Then by Art. 169, >) dn 2” converges 
uniformly in the circle of radius p’, and hence by Art. 155 
the sum-function f(z) is continuous at the point Zo, since Zo 
belongs to the region of uniform convergence. 

This proof does not apply to points on the cireumference 
of the circle of convergence. The question of what happens 
there is answered by Abel’s theorem in the following 
article. 

171. Abel’s Theorem on the Continuity of a Power Series. 
If a real power series ss Ant” converges at an end-point of 
its onterval of convergence, the domain of uniform convergence 
extends up to and includes that point, and the continuity of its 
sum-function f(x) extends up to and includes that point: 


@ ao 
L pe Ant” = > Anp”, 
0 0 


z—p 
provided ps Anp” converges. 
0 


If the power series converges at the point z = p, then N 
can be found such that 


5 ii ee aoe i An+pp"*?| en IN: 
p = 1, 2,3, . 
Now we may write 


Bn ttt ey peer Apa te 


a\nrtl a\nt2 
= anor ae ana2o"?(*) alia or 


AD n+p 
Giz ing yp ( Bs ) , 
p 


n+1 


piles ee oO ae | 


and if we take 0 < x < p, all the factors () 
ayers 5 ; £ i 
) are positive and decreasing. Put-= = c, then if 
p 


Rap(®) = Gngr0"t! + 2. + daypet?, 
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we have 
Rnip(@) oa Rn,1(p) Seer st [Rn,2(p) Pe Rn,1(p)]e"*? = 

Pi 1s [Rn,p(p) we Ra,p—1(p) |e"*? 


= Fin,1(p)[ort! — c**?] + Ra.o(p)[e™*? — ert] + 
Pin pritp) leet eo’ —" oF?) 5 (0) <a? 


Now a(ce"r! — crt?) a, (enterl & conte). cmtr are all 
positive, and |Rn,1(p)|, ae Ee ee [Rn.»(p)| are all < « for 
Ree Ny = 12. 38502)5.. ....- Hence 


JRn(x)| < e[(crt! — emt?) + (crt? — cr*8) + | 
Spree | peer erate 

for n 2 N, and for every p, since c = - and 0 < zx <p, 
therefore c <1. This inequality |R,,»(x)| < also holds 
for all values of z in the interval o < x < p, since |Rn,»(p)| 
<e. Therefore, 0 < x < p is an interval of uniform con- 
vergence, and the uniformity of convergence extends up to 
and includes the end-point p of the interval of convergence. 

It follows from the uniformity of the convergence up to 
the limit p that the sum-function f(x) is a continuous func- 
tion of x in the interval 0 < x < p. 

Hence, 


CON 


r—p 


172. Abel’s Theorem on the Multiplication of Series.— 
The theorem of Art. 147 may be proved very easily by use 
of the properties of power series and the theorem of Abel 
just established. Using the notation of Art. 147, each of 
the three power series 


fa) = >, une", 6(2) = Dont, ve) = D, ware” 


converges, by hypothesis, for x = 1, and hence each of 
them converges absolutely for any value of x between —1 
and +1. Forany such value of x, Cauchy’s theorem on the 
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multiplication of absolutely convergeny series (Art. 146) 
applies, and we get 


f(x). o(@) = (2). 


By Abel’s theorem of Art. 171, as x — 1 the three functions 
S(x), (x), w(x) approach limits U, V, W respectively. 
Since the two sides of the equation 


f(z). o(@) = (a) 
remain equal, we shall have in the limit W = UV. 
173. Differentiation of Power Series.—Let (—p, p) be 
the interval of convergence of the real power series > Ont? 


By Art. 159, we may differentiate this series term by term 
provided the resulting series is uniformly convergent. The 
resulting power series is 


Q, + 2a,xr + 8a3z? + 2. . . tna, t+ it; 
= > (n + 1)dn410". 


0 


This series converges uniformly within any interval con- 
tained within its interval of convergence. We shall show 
that its interval of convergence is the same as that of the 


original power series > Anx”, v1Z. (—p, p). 


Put |a,| = an, |e] = X, then our proposition will be 
proved if we show that the series 


ai + 2a,X + 38a3X2+ ... +na,X” + . 
is convergent for X < p and divergent for X > p. Z 


First suppose X <p. Then if we take p’ between X 
and p, the series 


Vibeoy eV as /orNe n(X\" 
Zaye Ae) Brey, eau 4 
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is convergent, since the ratio of any term to the preceding 
approaches the limit *, which is <1. If we multiply 
the terms of this series by the factors 
ap’, ap", ep ohms hi up hans 
applying Art. 125, we obtain a new series 
Ono Zook = SagX* 4. . tb na,X"7 + CO, 


which must converge. Hence, the differentiated series 
converges for X < p. 
Now suppose X > p. If we should assume that 


eal + Qa, X + 3azX2 + Apa sc -- NOnX 1 4- : 
were convergent, then the series 
aX + QaoX2 + Ba,X?+ ... +na,X"+ . 


would also be convergent, and consequently the series 


oe 


YonX ” would also converge, since each of its terms is < 
1 


the corresponding term of the preceding series. Then 
> anx” would converge outside its interval of convergence, 
hence >, nonXe-} cannot converge for X > p, and must 
therefore be divergent for every X > p. 

Hence, the series resulting from the differentiation of 
> ane” term by term has the same interval of convergence as the 
original series. 

Let us denote the sum of the series My Nig” * Dy fe) 
then f;(z) is a continuous function of x within the interval 
(—p,p). By Art. 159, since this series converges uniformly 
in any interval (—p’, p’), where p’ < p, fi(x) is the derivative 
of f(z) throughout such an interval. Since p’ may be chosen 
as near p as we please, we may say that f(a) has a derivative 
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for any value of z between —p and p, and that this deriva- 

tive is represented by the series 

TAL) = Oi He Loe Or ote” Pion Whi Mie ir cia ee 

obtained by differentiating the given series term by term. 
Repeating the above reasoning on the series oy Tg Doe © ae 

f'(x), we see that f(z) has a second derivative: 


fia); = 2os + Gage. Ae Nn Aree ee ee 


and so on, so that f(z) has an unlimited set of successive 
derivatives in the interval (—p, p), and 


f(x) =nlan + 2°38... n(n+Danzt . 


Although the derived series has the same interval of 
convergence as the original series, a power series may 
converge at an extremity of the interval, and the derived 
series may diverge there. 

For example, the series 


lr k OM Ei 
converges for x = 1, and the derived series 
2 n= 
Tet Sch ay See oe 
2 3 n 


diverges for x = 1. The interval of convergence for both 
iste ow 1 
174. Maclaurin’s Theorem.—If in the formule of 
Art. 173 we put « = 0, we find 
aa = (00), 0. = f'0),a2 =O, a, - EO 
! n! 
Hence, 


(@) $2) = Yaw = $0) + 5-0) +5, F"O) 


x PQ x” (n) 
LEI) to) TO ee 


which is Maclaurin’s development. 


$174] POWER SERIES 151 
Examples.—(1) If we take f(x) = sin x, we have 


f' (x): = cos z,° f/(0) = 

fla) = —sinz, f”(0) =0, 
f(z) = —cosz, f'"(0) = —1, 
f™ (2) =sinz, f()(0) =0, 


Hence, we find 
(b) sing = 2 — 


Similarly we obtain the expansion 


BES ES I Bis 
(c) cosz =1-— Sitaj sel 


(2) If f(x) = log (1 + 2), we get 


f(a) = ee f'(0) =1, 
PGB od oom eG Te O en A 
f"(@) = ay fi Oy= 2, 


La) = eae fm O) = —2-38, 


Hence, 

aw 73 
or 

we  ¢%  “o4 


(d) 41 a i aire me ma ; 
x” 
+ (-et 2 + 
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175. Integration of Power Series.—By Art. 157 we may 
integrate a power series » anx” term by term, obtaining a 
2w power series which has an arbitrary constant term and 
which converges in the same interval of convergence as the 
given series: 


3 
frcae = oy bast tae +a, 5 +. 


grri 


“1a =e aa ra 
176. Theorem.—If a power series x Unx” ts zero for every 
value of x in some interval (—a, a), every coefficient Un must 
be zero. 
For, if we put x = 0 in the given series, the series reduces 
to wo, and therefore wo = 0. We can then write 


L(y + uee +usz?+...)=0. 
From this equation it follows that 
Ue oer et on en 


provided x ~ 0, but it does not follow that this last equa- 
tion is satisfied when x = 0, and therefore wu; cannot be 
shown to vanish by putting « = 0 here as in the previous 
case. But by applying Abel’s theorem on the continuity 
of a power series (Art. 171), we can avoid this difficulty. 
Let 


fie) = ty + tee et SS 


then since f:(x) is, by Abel’s theorem, a continuous function 
of x, we have 


ce fi = fi(0) = wu. 
But f(a) = 0, “uneetoss u; = 0. By repeating this 


0 
reasoning, each of the following coefficients ean be shown 
to be zero. 


§177] POWER SERIES 153 


177. Theorem.—If the two power series >) an and 


» bnx” have the same sum for all values of x inthe neighborhood 


of x = 0, the coefficients of the same powers of x in the two 
sertes must be identical. 


For, if we write 


> Ant” — > Oe = 0) 


, (a; = by)x* = 0; 


we have 


and by Art. 176, each coefficient a, — b, must be 0, there- 
fore dn = bn. 

178. Method of Undetermined Coefficients.—The the- 
orem of Art. 177 is the basis of the method of undetermined 
coefficients. It rests on the hypothesis that a given func- 
tion f(z) can be developed in a power series in some interval 
about a point, say the origin. We put 


F(@) = @ Far + ax? +a37? +... , 


where the a’s are undetermined coefficients, and then we 
seek enough relations between the a’s to determine as many 
of them as we need. 

Example.—Let us seek to determine the function f(z) = 


> Anz” which satisfies the functional equation 


f@) fw) =f@et wv) 


~ for all values of z and w. 


Substituting in the functional equation, we get 


(ao ta tae? +... )(a tawtaw?+...)= 
Go aie + ww) + an (@"Fw)? +... , 
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or expanding and arranging the terms in powers of z and wu, 


Ao? + ayaoz + apdiw + aeaoz? + ay2w + anaew? + . 


+ Ando2™ + Gn—-1012" w+... tn ane™ wr + . 
+ aodnw” 
= A) + aye + ayw + ace? + 2aczw + agw? + . 
+ ane” + nane™w + 2. . Ht dne™*wr + 
Be ih, 
where 
n(n = 1))o oe. “Ga kaa) 
or kl 


Equating coefficients of like powers of z and w on both sides 
of this equation, we get 


An—k Ak = An * Nk. 


.. Qo” = Ao, Ao = 1, a1? = 22, Qed = 3as, 
G31 = 44, . . . , Gn—101 = NAn. 


Multiply these equations together and we get 


ay 

ay" =a,-n!, OF dn = —- 
n!} 

a, is an undetermined constant, let us call it simply a. 

Then any series of the form 


T(t 2, ane" where a, = a 
will satisfy the functional equation. 

179. Laurent Series.—A Laurent series is a series of 
positive and negate powers of a variable; or a two-way 
power series; it may be represented by 


+e 2 
> Anz", OF > eh > rr 
—° ) 1 
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oo 


A series of negative powers of 2, as >, a—z—-", which 
1 


converges for a value 2 of 2, is absolutely convergent for 
1 
Z 


< leo or |z| > |2|. The region of 


every 2 such that 


convergence of such a series will then be represented by the 
whole plane with the exception of the area of a circle whose 
center is at the origin; 7.e., the exterior of a circle. 
+o 
If a series of positive and negative powers of z, as Dd an2", 


— co 


foo} 


converges for 2 = 2, then the series > anz" is absolutely 
0 


foo} 


convergent for every | < lz d, and the series > ane 
1 


is absolutely convergent for every lz] > |2o|. Hence, 
the region of convergence of a Laurent series will in general 
be formed by a circular ring contained between the circum- 
ferences of two circles with centers at the origin; in special 
cases it may be the whole plane, or only the points of a 
circumference. 
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CHAPTER XIV 
ELEMENTARY FUNCTIONS 


180. Representation of the Number e by a Series.—lf 
we expand ( 1 +=) by the binomial theorem, for n a 


positive integer, we get 


4 ntn— 1) 1 nin —1)(@— 2) 1 

@ 7 ") = 2! aoa 3! n§ 
== Se = A) 

peer 1) aa ee 


which may be written 


its) ae 
(a) (1+) =14+5+ os a) ( =I z) 


1 2 r—1 
Lee) Us) eee Gs n ) 
<r rir ! 
r! 
We may apply Tannery’s theorem (Art. 154) to this, 
‘taking the convergent series > S for > M,. Then taking 


the limits of the terms, we get 
1 
@L1+2) Se=lt+ytatat-. tate. 


This series is called the e series. It is used for the numer- 
ical calculation of the number e. The computation may be 
arranged as follows: 

156 
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2. 

0.5 

0.1666666667 .. . 
0.0416666667 . . . 
0.0083333333 .. . 
0.0013888889 . . 
0.0001984127 ... 
0.0000248016 .. . 
0.0000027557 . . . 
0.0000002756 .. . 
0.0000000251 . . . 


e = 2.7182818 . . . 


The value of e to 25 decimal places is 
e = 2.7 1828 1828 45 90 45 23536 02874 ... 


Its value to 205 decimal places has been computed by W. 
Shanks. 

181. The Exponential Theorem.—For real values of x 
we shall assume that the function e* has been defined as an 
exponential and its properties known. 

The power series 


is called the exponential series. By the ratio test we find 
that it converges for every finite value of z. Let us denote 
its sum by H(a): 


2 3 
EQaLte tata t + |, 


and study its properties for real values of a. 
Differentiating (Art. 173), we find 


2 3 
HG) ttots, tt heer 
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so that for any real z, 
E' (x). = E(z). 
Now take the function 
f(x) = 
and differentiating, we find 
f(a) = oe E(a)e? _ a 


since E’(z) = H(z). From f(z) =0; we get fiz) =¢; 
a constant; putting  =0 we have f(0) = 1, therefore 
C=1. Hence, E(x) = e*, and we have 


E(x), 
- e@F 


=1$E+5, fees oa 


for any real x. This ate is me as the exponential 
theorem. 

Another method of studying the properties of the func- 
tion E(x), and of deriving the exponential theorem is the 
following. Taking 


E@) =1+24+5 +5 se a= Bag i 


n! 


E(y) = lty +s +& pier Sota h Rng 


we can apply the ae for ee he a tess two series 
(Art. 146) since they are both absolutely convergent for 
all real finite values of x and y, and we thus obtain 


E(x) - E(y) 


2 2 
Gu ae 


+ (G+ at +7-E4h)+. 
L+@+y+etw, ey eee nc 


Il 


= H+ y). 
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By repeated application of this result, we get 
E(a): Ey): E@) = Ea@+y):H@) =E@t+y+a), 


and so on for any number of factors. 


n 


If we pul s=Oand 2=1in Ble) = > oy we find 
E(0) = 1, E(1) =e. 
Now let x be a positive integer m, then 
E(m) = Ei +1+1+ ... tom terms) 
= H(1)-E(1)-H(1). . . to m factors 
= ED ipe= ec”. 


If z is a positive fraction = we have 


[2(?) |’ = B(7)- (2) . . . to q factors 
= a + 3 Bet whee te tog terms) 
= E(p) = &, 


since 7: is an integer. 
p 
sb H(®) =e", 
qd 


If x is a negative rational number —s, we have 


E(—s):E(s) = E(—s +s) = EQ) = 1, 
Lye ee 


Hence, when z is rational, we have 
EtG) Ce 
This relation could also be proved for irrational values 


of x by regarding this irrational value as defined by a 
sequence of rational numbers. 
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Still another derivation of the exponential theorem is as 
follows. We recall first that 


er = L(1 += : 
i n 
Expanding G + =) by the binomial theorem (for n a 


positive integer), we have 


n(n — 1) x? 


(42) 1b ts 


oN n? 
MODE Dat 
or 
mao 
(b) (147) s1402+5 na! 
SAN (7 ake 
iG nC = rae 


Regarding this series as a series of functions of n, and 
applying Tannery’s theorem (Art. 154) by comparing the 
terms of this series with the reo terms of the series 


1+2+5 +2 ot tees 


which is convergent for every x, and whose terms are con- 
stant as regards n, we may take the limits of the terms of 
(b) as n> © , and we obtain 


e = L(1+")=14245, +3 it. 


182. The Exponential Series ina pe Variable.—Let 
us consider now the series 


lf2+5 (+5 apt ee: 
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where z is complex, = « + 7zy. This series converges over 
all the finite part of the z-plane. Denote its sum by E(z). 
By multiplication of series, as in Art. 181, we find 


@) E(z:) - E(@s) = Ele: +2), 


and from this, by the same methods as in Art. 181, we show 
that for z any real number, 


E(z) = e&. 
We have, if @ is real, 
: , 176 4°03 1494 
EH (é) =1+70+ 7 3] ql 
2 3 4 
ii Seay aie ~i5, +5 Joie 
ay 
6? 
=(1- Gee 9) SEG + 
65 
ae Sapte ) 


= cos@+ sin 8, 


using the expansions of cos 6 and sin 0 in Art. 174. This is 
often written 
(b) . e = cos 6 +7 sin @. 
This is Euler’s theorem. 
Since 
E(i0) = cos 6+ 7 sin 8, 
E(—720) = cos 6 —7 sin 0; 
we obtain by adding, 
1 
(cos 6 = 3 | 
ee 9 = 5, (BC) AUER Ay: 


EG) + E(— 76) 
(c) 


By (a), we have 
(d) E(a + iy) = E(x)- Ey) = e*(cos y +7 sin y). 
We know from Trigonometry that cos y and sin y are 
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unaltered by adding 2kr to y, where k is any positive or 
negative integer, hence we get from (d), 


E(z) = E(e + 2k), 


which shows that E(z) ts a periodic function of z with 
period 2r7i. 

183. Logarithm of a Complex Variable.—We have seen 
in the preceding Article that if x is real, 


E(izx) = cos x +7 sin 7; 
it follows from this that 
E(2nri) = cos 2nm +7 sin 2n7 = 1. 


Since H(x + zy) = e*(cos y +7 sin y), there can be no 
solutions of the equation E(# + zy) = 1 other than x = 0, 
y = 2nr. 

It follows that if we wish to solve the equation E(u) = 2, 
so as to obtain the function inverse to the exponential 
function, the value obtained will not be single-valued, but 
will be of the form w = uo + 2nmi (n an integer), where uo 
is one solution. 

If zis put in the form 


z=r(cos6+7sin 6) = re’, 
we have 
(a) log z2 = log r + 76 + Qnzz. 


184. The Circular Functions of a Complex Variable.-—The 
circular or trigonometric functions have so far been con- 
sidered as defined by their usual geometric definitions as 
ratios, but obviously these definitions fail when we attempt 
to apply them to complex values of the argument. It is 
possible, however, to give purely analytic definitions of 
these functions, and to derive their properties from these 
new definitions, and so place the theory of the circu- 
lar functions on a basis independent of all geometric 
considerations. 
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We have already seen that for real values of the variable, 
the sine and cosine functions are represented by the 
expansions 


x? x4 
Skate ey nv 5 Pear ce 
poets: Tao 
SIND Sap gy eas 


which are convergent for all finite values of x. It is quite 
natural then to define these functions for complex values of 
the variable by these same series, which converge abso- 
lutely over all the finite part of the complex plane. 

For any complex z, then, we define: 


2 4 
Cos co de ee 5 

2! 4! 

(a) é Pes eae 
sing = 2-9) + ; 


To define the remaining trigonometric functions, we use the 
equations 


sin 2 COS Z 
tance »cotz=-— 
COS 2 sin z 
1 1 
sec 2 = ——’ csc 2 = = 
COS 2 sin 2 


It follows at once that 
cosz +7zsinz = E(zz). 
From these analytic definitions, we can now deduce all 
the fundamental properties of the circular functions. By 


multiplication of series, we obtain without any difficulty 
the addition theorems 


cos (2; + 22) = COS 2; COS 22 — SiN 2, Sin 22, 
sin (2; + 22) = Sin 2; COS 22 + COS 2; SIN 22. 


It is evident from the series that 


i ’ 
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cos (—z) = cos 2, sin (—z) = —sin 2, 
hence 


cos (21 — Z2) = COS 2; COS Z2 + Sin 2; SIN 22, 
and putting 21 = 22, we find 
cos 0 = 1 = cos? 2 + sin? 2. 


It is not difficult to proceed in this manner and derive the 
other properties of the functions. 

Another form of the definitions is the following. Since 
cosz +7zsing = H(iz), we get cosz — 7sin 2 = H(—7z2), and 
then by addition and subtraction, 


cos z = 6 [E (iz) + E(—72)], 
(6) SH 5; BC) — E(—#)]. 


Instead of taking the series (a) as definitions, we could have 
taken equations (b) as definitions in terms of the exponential 
function, and from the properties of the function E(z) 
derive those of cos z and sin 2. 

As illustrative of this method, we have 


cos 2 +7sinz = H(z), cose —isinz = E(—72), 
multiplying, we get 
cos? z + sin?z = E(iz) - H(—7z) = E(O) = 1. 
Again, 
cos (21 + 22) = 4 { H(z: + tz) + E(—7t21 — tz»)} 
= Vo { E(ta:): E(i22) + E(—121) - E(—t22)} 
= 4 { E(ia1) + E(—721)} - {B(e2) + 
E(—722)} 
— 44 {E(ta1) — E(—%21)} - { H(z) — 


COS 21 COS 2. — SiN 2; SID 2p. 
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The number 7 may be introduced analytically by defining 
it to be such that the numerically smallest root of H(z) = 1 
is 277. 

185. Hyperbolic Functions.— We may define the hyperbolic 
functions by the following equations: 


- cosh 2 = 14 [E(z) + E(—2)], 
sinh z = 14 [E(z) — E(—2)], 


inh 2 il cosh z 
he = SB ae _& 
de cosh 2 se tanhz = sinh z 
it il 
sech z = Rees. esch zg = ae 


The properties of these functions may be derived from 
those of the exponential function H(z). These properties 
correspond closely to those of the trigonometric functions, 
as indicated by the similarity of the definitions. 

The expansions of cosh z and sinh z in power series are: 


PLIES 4: 
eoshigi=! Vora at py oD 


5 


3 
sinh 2 = 2 +2) te, + 5 


The relations between the hyperbolic and circular (trig- 
onometric) functions are shown by the following identities, 
which follow immediately from the definitions: 


sinh 2 = —17 sin 7z, 
cosh z = COS 12, 
sinz = —7 sinh 2z, 
cosz2 = cosh 72. 


186. Series for Tan‘ x.—For any x between —1 and +1, 
we may write 


ey teeny oy Bet 6 — 1)\np2n 
Ponrreges eg? + 2 Gate oe, te (a 1) 8: 
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Integrating this series term by term between the limits 0 
and x, where |z| < 1, we find 


ee Bees Wig: 
| ae ek eee sea be 


1 
tA eM ena st 
Fe niyo 2 
But [ Ree he tan—! xz, hence 
Eh a 
=I = ae Fe hn, ae 
(a) tan-'z =2 3 = 5 eet 


For « = 1, we have 
1 1 1 
TOT eae ee ered ae ; 
This series converges very slowly, but by special devices 
we may obtain from this series much more rapidly converg- 
ing series. One well-known method is to use the trigono- 
metric identity 
1 


Qe ale sey 
Z 4 tan 5 tan 530’ 


from which we have the formula 


es es FA ee | 


Alem ag Te BH 
(oe pty 
ae ae ok .}) 


which may be used for the calculation of the value of z. 
187. Series for Sin-t x.—We have by the binomial 
theorem, 


1 1- 
1-3: . 2n—1 


Die 
2A Oo, Se. 


ar Date meaner 
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for z between —1 and +1. Integrating term by term 
between 0 and x, where |x| < 1, we obtain the development 


, ee Baer aes ss) wee ; 
ans =  —-OCO . . 
Sina: -f jes a+o5 a +54 Br 
Pe aN ; Ne ry spear N 
: Qiao ee OTD 2n+1 


188. The Logarithmic Series.—To derive the expansion 
of the logarithm in a power series, we shall assume the 
representation of the natural logarithm by a definite 


integral: 
ft Ea hey rae Ea 
Pas Be 


as known. Starting with the geometric series 
dae 
On ae 2 


which converges for every x between —1 and +1, we 
integrate it term by term between the limits 0 and z, where 
|2| < 1, and thus obtain 


ae ae CPE AEE age: 
[4 AIK vy mac maree 


rt Coe be 


Be ee ira eA Le ck re Let are 


+. 


+1 
7a 1 
This series converges for -—1 <2 <1. The formula is also 


valid for x = 1, for the series converges for x = 1. 
Hence, we ie 


Ree eave ge ee ye: 
og. TN loom ae Si m 


This formula only holds when x < 1, soit is not adapted 
for the computation of logarithms of whole numbers, and in 
any case it is slowly convergent. A better formula for 
computation is obtained as follows. 
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Replace « by —z, and we get 


log. Cl = 2) = ae ee ty Pas 


which holds for.x between.—1 and +1. Subtracting this 
from the ey equation, we have the formula 


(a) log; = = (2 +e4e4...), 


Sabie h 
When z varies from 0 to 1, the fraction ne steadily 


1 


increases from 0 to «, and hence we may readily calculate 
from this formula the logarithms of all integers. A still 
more rapidly convergent series may be obtained by putting 


pt = vt 1 sO that x =sy Then we find 
1 1 1 
(b) log (N + 1) =loeN +2loy4q +3 GND 
1 1 
+s awsiet--- dp 


This series converges very rapidly, especially for large 
values of NV. 
189. The Binomial Series.—The series 


aa) 
2i 


mim — 1)(m — 2). 
3! 


1+ 72 + xv + 34, 
is called the binomial series. 

If m is a positive integer, this series contains only m + 1 
terms and is a finite series or polynomial, and its sum 
is (1 + x)”. 

If m is not a positive integer, the series is an infinite 
series. By the ratio test we find that it converges abso- 
lutely for |z| <1, and is non-convergent for jal 
To determine whether the series converges for « = 1 or 
x = —1 requires special investigation (Art. 190). 
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Denote the sum of the series by f(x), for |x| < 1. Dif. 
ferentiating this power series term by term, we get 


foe te pee 


4 km = Vm — 2) . (man+1) , 4 
@ — 1! Iie |} 


Lk ret Was 


Multiply each side by 1 + x and collect terms in like powers 
of x, and then using the algebraic identity 


(m — 1)(m— 2)... (m—n+1) 
(n — 1)! 
3) = (m—n) _ 
mim—1)...(m—n+1) 
n!} ; 
we find 


(1 + a)f'(@) =f), 


seme 
j@~ itz 


Integrating, we get 
log f(x) = m log (1 + z) + log C, 


or 


(Coen Oe wie aun 


To determine the constant C, put x = 0, and since f(0) = 1, 
we find C = 1. Therefore 


Fig) ted Loa a): 


Hence, we have the binomial theorem : 
The serves 


e+, 


1 + ma +- Ae mies tes 


m(m — 1)(m — 2) 
3! 


converges absolutely for |t| <1, and its sum is (1 + x)™. 
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190. Behavior of the Binomial Series at the End-points 
of Its Interval of Convergence. —For x = 1, the binomial 
power series is 


m(m — 1) 
21 


— 1)(m — 2) 
m(m BS id 


Bh ote ae 


D’Alembert’s ratio test gives no information unless m < —1. 
Applying Raabe’s test, we find 


a Gn | _ ow ee oA 
Ry = n( ie 
n 
for n sufficiently large, hence 
LR,z = 1+, 


and hence the series converges absolutely if m > 0, and the 
series of its absolute values diverges if m < 0, so that the 
binomial series does not converge absolutely for m < 0. 
But in this case the terms of the series are alternately posi- 
tive and negative, and since 

On+1 | 1+ " 
se Pn fp 
Qn n 


the |a,| form a decreasing sequence from a certain term on, 
if m > —1, when La, = 0. Then the series converges 
conditionally for m > —1. and diverges for m < —1. 

For « = —1, the binomial series is 


m(m — 1) _ m(m — 1)(m — 2) i 
2! 3! 


1—-m+ 


If m > 0, the terms have finally all one sign, and 


R, = n( | —1) +14, 


On+ 1 


\ 
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so that the series converges absolutely for m > 0. If 
m <0, let m = —\. Then the series becomes 


ee SE DO) 
3! an 


++ 


For this series we have 


Ry = > 1-2, 
ita aare 
nN 


and hence the series diverges in this case. 

Summing up, we have the 

Theorem.—The binomial series converges absolutely for 
[x] <1, and diverges for |r| >1. When x = 1, it converges 
form > —1, and diverges form < —1; it converges absolutely 
only for m > 0, and diverges for m < 0. 
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CHAPTER XV 
DOUBLE SEQUENCES 


191. Double Sequence.—If the number u,,, depends upon 
the number-pair (m, n), where m and n are positive integers, 
in such a way that we have a means of determining un, 
when m and n are given, then if we give to m and n all posi- 
tive integral values, we say that these numbers form an 
infinite double sequence, which may be exhibited in the 
form of a rectangular array: 


U1 Uie Uig Ui4 -. «. - - Win - 
U21 Use U3 Uno4 Uon 
U31 U3z2 U3s3 Usa U3n 
U41 Usg Usp Wasa hres 
Umi Um2 Um3s Um4 . . . - Umn - 


We may denote it briefly by (umn). 


192. Convergence.—The double sequence (Umn) ts said 
to be convergent tf Umn approaches a definite limit as m and 
n tend to infinity simultaneously but independently, and 
this limit U 7s called the simultaneous double limit, or simply 
the double limit of the sequence (Umn). In more precise 
terms, the double sequence (Umn) 1s convergent with the double 

172 


§193] DOUBLE SEQUENCES 173 


limit U when there exists a number U such that for everye > 0, 
as small as we please, two positive integral indices M and N 
can be found such that for every m > M,n > N, we have 


lU = mal < €. 
In this case we write 
(Gl = T0Wien. 2 


Some writers use the notation 


Janay Wows Cope Ihbnay Wir 
min 7o m=oa 
n=o 


Evidently, instead of the two inequalities m > M, 
n>WN, we may use m > P, n > P, or more briefly, 
(i (ome ae 

It is of the greatest importance to remember that in this 
definition, m and n must — o simultaneously but inde- 
pendently. We cannot let m— o first and then let 
n— @, according to this definition. 

193. Divergence.—The double sequence (mn) is said 
to be divergent if wm, increases beyond all bounds numer- 
ically as m and n tend to infinity simultaneously but inde- 
pendently. In other words, a double sequence (Umn) 1s 
divergent when, for any arbitrarily large positive number G, 
it is possible to assign two positive integral indices M and N 
such that for everym > M,n > N, we have 


eae: 


If form > M, n > N, the umn are either all positive or 
all negative, and |v mn| > G, the sequence is properly diver- 
gent, and we write 


Mis, i SoCo Ow olin, =2 — Cel, 


min mn 


When the sequence is divergent, but not properly diver- 
gent, it is called improperly divergent. 
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194. Oscillation.—If the double sequence (Umn) 1s neither 
convergent nor divergent, 2t is called oscillating. 

195. General Condition for Convergence. Theorem.— 
The necessary and sufficient condition for the convergence of 
the double sequence (Umn) ts that, for any arbitrarily small 
e > 0, a positive integral index P can be found such that for 
everym > P,n > P, and for every p and q, we have 


[atest n+ —_ Uigsal saa 


The proof of this theorem can be carried out in a manner 
quite similar to that of Art. 26 for simple sequences. 
196. Examples of Double Sequences.—(1) If Umn = 


1 ; 
> + *, then Lumn = 0, and the sequence is convergent. 


m,n 


(2) If Umn = m +n, then Luimn = +, and the sequence 


is properly divergent. 

(3) If mn = (—1)™**, then tm, has no limit as m and n 
become infinite simultaneously and independently, and 
so the sequence is oscillating; it oscillates between —1 
and +1. 

197. Row and Column Sequences. Diagonal Sequence. 
The simple sequence 


Umi) Um2, Um3) 5 geal ate » Umny . 


consisting of the elements of the m'* row of the rectangular 

array of Art. 191, is called a row-sequence of the double 

sequence (Umn), or more precisely, the m** row-sequence. 
The simple sequence 


U1n, Ue2n, U3ny . . O18 Umn) + 


made up of the elements of the n‘* column of the rectangular 
array 1s called a column-sequence of the double sequence, or 
the n‘* column-sequence. 

The simple sequence 
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U1s, Uo2, W338, - . . 4» Unn, . 


consisting of the elements in the principal diagonal of the 
rectangular array, is called the diagonal-sequence of the 
double sequence. 

198. Repeated Double Limits.—Suppose that the m* 
row-sequence 


Umi, Um2, Um3, - - + » Umny - - = 3 


regarded as a simple sequence with m fixed, is convergent 
with limit tm: Lumn = Um. Now suppose that the wu, for 


mz=1, 2, 3, .. . form a simple sequence which con- 
verges to a limit U, then we may write 


CUr=Tigl= Lie) = LoLiaks 


This limit L Lumn ts called a repeated double limit. 


Similarly, starting with column-sequences, we arrive at 
the repeated double limit LLuw,,,,. 


We must not assume that these two repeated double 
limits are necessarily equal, as they are only equal under 
certain conditions. That is, we cannot interchange the 
order in a double repeated limit without specific justification. 

If the double sequence (umn) is convergent, we cannot 
conclude that its row- and column-sequences will also be 
convergent; we cannot therefore conclude that when the 
simultaneous double limit Lumn exists, the simple limits 


m,n 


Luimn, Lumn Will exist for finite values of n, or m, respec- 
m n 


tively. This is shown by means of the following example: 
If we have 


1 1 
Unin =1(—1)"* pore ie oy 
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for m and n positive integers, and a > 0, B > 0, then we 
find 


Lima = 0, 
while for =" 1, 2,0;.. . = ; 
BDOHOE Ws LADS... eo, 


so that Lum, and Lumn do not exist in this case. 


m 


199. Theorem.—If the double sequence (Umn) ts etther 
convergent or properly divergent, then we have always 


LL umn = LLUmn = LLUnn = LLUmn = Lttmn: 


We may write this 


For, suppose first that (%mn) is convergent with the 
simultaneous double limit U, then we have, with the usual 
notation, 


[mn — Ul <e,m2M,n2QN, 
whence 


Eta, Ul <6 tee Ne then Ul <<, 


which gives us 
LLUmn = LLUmn = U. 


Similar considerations apply to Lunn and Eee 


If (mn) is properly divergent, we have either tm, > G 
OF Uma < —G for m2 M, n2 N, from which we get 
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LP es Liber >G, or Litms, < —G, Luss < -G 


for n 2 N, so that again 
LLmn = LL ttm, = + © or —&, 


nme 


and similarly for Lum, and Ties: 


200. Theorem.—If Lum, exists, and Lum, exists for 
n 2 N, or Lumn exists for m 2 M, either finite or properly 
infinite, then we have 
Lita Late 
or 
gE ama 8 0) eee 
This follows from Art. 199 by taking Lun, = Lunn for 
n 2 N, or Litmn = Luimn for m 2 M. 


From this result it follows that if the limits 
TAbinn, Lttnn (n 2 N), Lttmn (m 2 M) 


exist, finite or properly infinite, then 
DT inn UL Une 

exist, and the relation 

(a) LL = Li Alen 


holds. 
Hence the simultaneous double limit Lu,,, cannot exist, 


mn 


if the two repeated double limits LLumn, LLtmn both exist 


but are not equal. | 


I 
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m 
Example.—(1) If nn = Ae have for every 7, 
LAtnn = 1, 
and for every m, 4 
Ninn = 0, 


so that 
LE tie = y DLies SO 


and equation (a) is not satisfied. Our double sequence 
(Umn) can therefore be neither convergent nor properly 
divergent, as can be easily verified immediately. 

From the relation (a), which implicitly assumes the exist- 
ence of both the simple limits Ltmn, Lumn, we cannot 


conclude the existence of the double limit L wn. 


it 
> we have for 


1+ (m — n)? 


every m, Lum, = 0, and for every n, Lum, = 0, so that the 


m,n 


Examples.—(2) If tm = 


two repeated double limits are equal, and yet Lu», cannot 


exist, for m — n is completely indeterminate as m and n 
— oo simultaneously and independently. But we have for 
every m and n, 


OS tne S 1. 
(3) If 
? m+1 
aa G + (m — 0 
we have Lumn = 0 for every m, and Lum, = 0 for every 


n, and yet Umm = 2™*! which > o. 

201. Monotonic Double Sequences.—The double sequence 
(Umn) ts called monotonic increasing if for every positive 
integral value of p, q, we have 
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Umtp, mtg — Umn = 0, 
and monotonic decreasing if 


Umtp,nt+qg — Umn <0. 


202. Theorem.—If |umn| <g (a finite constant), and 
(m,n) is monotonic, then the limits Litmn (for every n) and 


Litmn (for every m), and ptlmn exist mh finite values, and we 
have the relations 


Te eu Dthaas 
mn mn) > nm 


Suppose first that the sequence is monotonic increasing, 
then we have for every 7, 


Um+rjn — Um,n Be 0, Um,n4+r — Um n Ee 0, 


which shows that the row- and column-sequences of the 
double sequence (umn) form monotonic increasing simple 
sequences which are bounded, and the existence of the first 
two simple limits follows at once from Art. 28. 

Now if the double limit Lu,,, did not exist, finite and 


determinate, for every term tUmn, however great m and n 
might be taken, another term Umn, (m1 > m, m1 > n) 
must always exist such that Um, — Umn 2 a, Where ais a 
given positive number #0. Then we can proceed in the 
same way and determine the positive integers me, 22; ms, 13} 
Mine. « 2, , 80 that 


Umen, — Um 2 a, Umyns — Umyne 2 oe 
Umpny an Umy_inp-1 2 a, 
and adding these inequalities, we obtain 
Umpnp 2 Umn =f pa. 


Since p can be taken as large as we please, we see that Um n, 
must — ©, which contradicts our hypothesis that mn is 
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bounded: }umn| <g, hence Lum, must exist with a finite 


value. 
If (Wmn) were monotonic decreasing, the double sequence 
(—Umn) would be monotonic increasing, so that the results 
above would apply in this case. 

203. Theorem.—If the double sequence (Umn) 1s monotonic, 
then the existence of any one of the three limits 


Teen tae 
m,n mn nm 


(finite or infinite) implies the existence of the other two and 
the equality of all three limits. 
For, from any one of the equations 


Eltsn = Ollie. = Ura, 


we obtain, for every m and n, 
Ut Uh SU OF Ui ar eee, 


according as (Wmn) is increasing or decreasing; in both cases 
all the absolute values |wm,| must remain less than a finite 
constant, and our theorem follows at once from Art. 202. 

This proof can be easily modified to apply to the case of 
infinite limits. 

204. Theorem.—lIf the double sequence (Un) 78s monotonic, 
and its diagonal sequence converges with the limit U, then 
the double sequence is itself convergent with the same limit U- 
and we may write 


Ibi SS) ies (Uh 
(4 mn 


We can evidently restrict ourselves to a monotonic 
increasing double sequence. If r denotes the greatest of 
the indices m and n, we have always 


Umn = Urr =< Bite 


and our proposition follows at once from Art. 202. 
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205. Continuity of Series of Functions and Double 


oo 


Limits.—If U(x) is the sum of the series of functions > Wn (2): 
1 
we have 


U(x) = LU, (2), 


where U,(x) = » u(x). The function U(x) will be con- 


i=1 
tinuous at the point x = 2 if 


toa ORC? ace OE eich 


But oh, 
Un) = Li L Un(z)}, 


n | x2—x0 
and 
L U(@) = L jEUn(@)}, 

229 Z—x9 | n 
so that the question as to the continuity of the sum-func- 
tion U(x) reduces to the question as to the permissibility 
of the change of order in a double limit: U(x) will be con- 
tinuous at + = 2p, if 
(a) L LU, (2) | Se ed Un(z)}. 


a—x0|n 
pes 
Example.—If U,(x) = x2"-1, x) = 0, then 


so that the left-hand side of equation (a) has the value 1. 
On the other hand, 
le Unley =2U (5) = 0, 


and the right-hand side of (a) has the value 0, so that we 
may not change the order in the double limit in this case 
without changing its value. 
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206. Integration of Series of Functions and Double 
Limits.—The integration of a series of functions term-wise 
involves the problem of inversion of order in a double limit. 


For 
JE Rie ih "| EUs) | da 
> if GEG eeE 4p Teas 


n=1 


and 


We have then to ask: When is 


(a) JO | ec. | ae 2 L| f vatayae| ? 


Y, 


Re 
Re 


5S 


egestas 


And when we consider that the integral is itself a limit, we 
see that it is again a question of changing the order in a 
double limit. 

Geometrically, the left-hand side of (a) represents the 
area under the curve y = U(x), while the right-hand side 
represents the area under the approximation curve y = 
U,(x). The question of the integration of the series then 
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reduces to that of when the area under the approximation 
curves will approach that under the limit-curve y = U(a). 


Example.—If 
Un(z) = nae’, 
then 


2 
mae"® — (n —1)ze—-D2") =O, 


and if we put 2 = 0, we have 


f vee hes 
1) 


[Ustad = [nwo rae = 190 —, 
0 
3 nf ey eas 
n 0 


Thus equation (a) is not satisfied. 

207. Differentiation of Series of Functions and Double 
Limits.—Here again we are concerned with the problem of 
the inversion of order in a double limit. For 


But 


; a Cate Ad) Uae) 
use) Siete iL Ax | : 
SiulaGa) = 21g, Ualeet a0) = Tales), 

1 aes 


and the question is: When is 


(pee ae an st ot ey = 


L|{ L U,(a% +Ax) — | ? 


n \ Az—-0 Ax 
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Geometrically, the left-hand side of (a) represents the 
slope of the tangent to the limit-curve y = U(x) at the 
point x = 20, while on the right-hand side we have to do 
with the slope of the tangent to the approximation-curves 
y = U,(x) at x. The question to decide then is whether 


Fia. 8. 


the tangents to the approximation curves at xo will approach 
the tangent to the curve y = U(x) at 2 as we proceed 
through the approximation curves. By a few simple 
examples, we can see that this will not always be the 
case. 
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CHAPTER XVI 
DOUBLE AND MULTIPLE SERIES 


208. Double Series.—The doubly infinite rectangular 
array 


Ua t+ Ue + ig Fie +: 

+21 + Use + Ue3 + Ue +. . 
(a) + Us1 + Use + Us3 + Usa + . 
Wat 4 ie ag a 


as called a double series. This rectangular array extends 
to infinity to the right and below, and in each term the first 
subscript indicates the number of the row, and the second 
subscript indicates the number of the column in which that 
term stands. We shall denote the double series (a) briefly 


by > Umny Or bY » Umn if no confusion is likely to arise. 
m,n 


Denote by Um, the sum of all the terms which are con- 
tained in the rectangle which is formed by the first m rows 
and 7 columns: 


ee aatlia es te hier ty Wage Tin of as usin habe 


+ Use PF ten "| tog ar tintlea 
+ Usi +Use + ss + . > “Usa 
+ Um1 + Um2 att Um3 SE OO. Ck IG + Umne 


185 
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Then we have associated with the double series the double 
sequence (Umn). The numbers Um, may be called the 
partial sums. 

209. Convergence.—The double series > Umn ts satd to be 
convergent when the double sequence (Umn) 1s convergent, 
and the simultaneous double limit U of the sequence (Umn) 
ts called the sum of the serves. 

Then we may write 


|U — Umnl < €, 
however small « may be, for every m > M,n >N. 
210. Divergence.—The double series > Umn ts called 


divergent when the double sequence (Umn) ts divergent, and 
is properly or improperly divergent according as the sequence 
CU ma) 8: 

Then for every divergent double series, we have 


(Praalcon Gr 


however large G > 0 may be, for m > M, n > N; and if 
the series is properly divergent, the above inequality 
becomes 


CA > Gor << — G. 


211. Oscillation.—If the double series oy Umn ts neither 


m,n 
convergent nor divergent, it zs called oscillating, and the 
sequence (Um) 7s also oscillating in this case. 

212. General Condition for Convergence. Theorem.— 
The necessary and sufficient condition for convergence of the 
double series by Umn vs that, for any « > 0, however small, a 
positive integral index P can be found such that for every 
m > P,n > P, and for every p,q = 1, 2,3,. . . , we have 


ee eee 7m, al <.eé 
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- This follows at once from Art. 195. 
213. Formulas for Partial Sums.—From the definition 
of Umn, we find 


(a) Gin = Ua tie + tag. 2 + tin, 
(b) Umi = Ui + ter tga A. 8” ae Umi; 
(c) las = Us = Uin + Uon + Ug, +... + Umn 
(n 2 2), 
(d) Oma Unita = Unt t+ Und tons tos ee Usan 
(m 2 2), 


hence for m 2 2, n = 2, 
(e) ese U4, 
(f) Umi = U5 Sa URari 
@) Un = OEE aad OP ae a 
(h) Unmn = eh mt Uns aa (Ua oa Oe) 
(2) Unmn = in + Utne <3 CU ate Oe eave 
(j) Umn }Op=" rake 5 ae at Ce Ae Uioesiae st 
214. Necessary Condition for Convergence.—Since 
Umn = ine am Sg em apo SP Oiaiher a5 
we see that by our general condition for convergence (Art. 
212), when the double series > Umn 18 convergent, we can 


find an index P such that Vhitsin < e for every m, n > P. 
Theorem.—The necessary condition for convergence of a 


double serves > Wing 5 


Linn = 0. 
This condition is, however, not sufficient. 
As a special case, form = n, for the terms of the principal 
diagonal, 


Liu,, = (), 
215. Repeated Summation.—The simple infinite series 
>) vai ERA anton Ugh ot) cantig et nif te has» 


pol 
é (ia) Ay 2 By sh 
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> tin =! tig tee. «ae mth, apse 
t=1 = 
(n= Lee Bo cee 


are called, respectively, the row- and column-series. If 
they are convergent, we shall denote their sums by 7, and 
Cc, respectively. 

If every row-series 7, is convergent (m = 1, 2,3, . . .), 


foo} 


and we form the series 3 Tm, and if this series is convergent, 


m=1 
we get a value, the sum of > Tm, Which is called the sum 
by rows of the double series, and the process is called 
summation by rows. It will be represented by 


Ose) oF SD) an 


=1\n=1 


Similarly, if each column-series c, is convergent (n =, 


foe) 


1, 2,3, . . .), and the series y cn is formed and is found 
n=1 

to be convergent, we obtain a value called the sum by col- 

umns, and the process is called summation by columns; it 

will be represented by 


foo) co 
S (Sem): oF 3S tae 
n=1\m=1 nm me 


This repeated summation corresponds to taking repeated 
limits; thus 


foo) 


> ( »3 ek ) =D (L Uns) 
= n=1 Ne 


1 
: ( > tne) = 11 Um) 
n=1\m=1 paNy 


216. Theorem.—A double series may converge without the 
row- or column-series being convergent. 
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For a finite number of terms, we have 
M,N N/M 
2(3*~)-3(3 +) 

m=1\n=1 n=1\m=1 


But this is not necessarily true for an infinite number of 
terms, for the row- or column-series may not converge but 
may oscillate. “This is shown in Art. 198. 

217. Theorem.—A double series can converge without any 
of its terms, 1n which one subscript > ©, while the other 
remains finite, approaching zero. 

This follows at once from Arts. 213, 216. 

Example.—If 


(eter 1- ii 
US a ES hy 


the corresponding double series is convergent with the sum 
0, since LUm, = 0. We find from Art. 213, 


te = (-D(Z+—5) 22, 


Cn 
=(-Iy(+— (m > 2) 
ph ae a” ati ee 
and for all other elements, 
= 2 = —= m+n 2 2 
U1 = ea Unn = (—1) qm + ao” 
We have then 
2 
L [um | ees aoe ae 1 
and in general for any finite m or n, 
2 
ee & |--mn = ae L || = —- 
™m a n a o 
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% 


218. Theorem.—IJf the double series » Umn US Convergent 
with sum U, and if the rows and columns converge, then 


fos} foo} 


(a) 2, 2 tn = LS eee 


n=1m=1 


For since the double series is convergent, we have by 
definition, 


9G — U| < ¢€, Hin >I, 


and since LUm, exists, by hypothesis, we have therefore 


[LU mn — Ul Se,m>P. 
Hence, 


L(L Onn ) = U. 


Similarly, we may prove the other part of equation (a). 
The theorem also follows immediately from Art. 200. 


219. Theorem.—When the double series > Umn 18 not con- 


vergent, and the two repeated summations exist with finite 
values, it is not necessarily true that these values are equal, 


2.e., that 
> yy Umn = > iy) Umn- 
™m n n m 


For, if we take for example, 


we have 


while Un, is indeterminate as m and n become infinite 
simultaneously. 
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From the theorem of Art. 218, it follows that if the rows 
and columns converge, the double series cannot. converge 
unless 
(a) >) » Umn = > > Umn+ 

m n n m 
_ However, the truth of (a) is not sufficient to enable us to say 
that the double series is convergent (Art. 200). This may 
also be shown by the example, 


mn 
Umn = (m+ n)? 
for which 


LLU mn = 0 = LLU mn, 


but the double series is not convergent, for if m = 2n, then 
Usn = 24, and. iim =n, then Up», =. 

220. Theorem.—If the double series >; Umn converges 
with sum U, and if all the row-series or all the column-series 
converge, then the corresponding repeated swmmation, by 
_ rows or by columns, exists with the value U; that ts, 


2 dtm = U, or > Doe oh 6 


This follows at once from Art. 200. 

221. Theorem.—If the double series pangs ie is properly 
divergent, but the row-series or the column-series convergent, 
then the corresponding repeated summation, by rows or by 
columns, is properly divergent. 

This is an immediate consequence of Art. 200. 

222. Theorem.—When all the row-series or all the column- 
series are convergent, and when the repeated summations con- 
verge, with the same value U, the double series may even 
diverge, and indeed improperly, or oscillate; this must be the 
case when the repeated summations give different values. 

This follows at once from Art. 221 and Art. 200. 


/ 
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Examples.—(1) If 
1 
Onin i ar, aye 


we have 
LU a =U an =, 


LLU mn = LLU mn = 0, 


while LUm, does not exist; the double series oscillates. 
(2) If 

iit ae 1! 

4 teeth, 

we have 

DG ap =, clled on eke 


223. Theorem.—I/f the terms of the double series Se 
are all positive, and if Umn remains always less than a finite 
number g, the double series converges to a definite sum U; 
each row-series and column-series converges and the repeated 
summations converge to the same sum U. 

This is a result of Art. 202, since (U mn) is here a monotonic 
increasing sequence. : 

224. Theorem.—If the terms of the double series pay 2 
are all positive, the convergence of any one of the three series 


SS Amn) > » Qmny > > Amn 
m,n n m 


m n 


implies the convergence of the other two and the equality of 
their sums. IPf one of the three series is properly divergeni, 
the other two must also be. 

This is obtained by applying Art. 208. 

225. Diagonal-summation.—If we put 


Wn = Uin + Us, niet Une te Din eg Rte + Up. ne + 6 ee eRe 
rte Un—1, 2 mr Uniy 
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the series 


De = wr + we + en ear 


n=1 
is called the diagonal-series of the double series yy Wane 
In case the series >; Wn converges, we denote its sum by W. 
226. Theorem.—If an, 2 0, the double series > Dain 


and the diagonal series > W, must either both converge with 


the same sum, or both diverge. 
From an inspection of the rectangular array formed by the 
double series, we obtain for n 2 2, 


(a) See res 
t=1 t=1 


Now if the double series is convergent with sum A, we 
have A,, < A, and from (a) we see that the positive series 


» Wy is therefore convergent. If we write the relation (a) 
in the form 


(6) 0 oA Ann =e > Wi ss y Wi, 
i= t=n+1 
we get 
pa wi =A = > Orns 
t=1 m,n 


On the other hand, if > Wn 1S convergent with sum W, 
we have by (b), 
LA, n= W, 


n 


from which, by Art. 204, we obtain 
ites = L Avene 2 W. 


m,n 


13 


194 THEORY OF INFINITE PROCESSES [§227 


If one of the series Ent) > Wn diverges, it is easily 
m,n 


seen from (a) that the other must also be divergent. 
227. Theorem.—If amn 2 0, each of the four equations 


pig te ab sneer 
pap Mave RD Ip aia ( 


carries with it the other three, whether A 7s finite or infintte. 
This is obtained by combining Arts. 226, 224. 


228. Theorem.—T/f the double series » |umnl ts convergent, 


then >, Umn 18 also convergent. 


m,n 


We have 


pyres etepse Cane 
m,n M,N 


if the summation is extended over the same values of m and 
min both cases. Then if U’m, denotes the sum of the abso- 
lute values [eb mn of the terms Um, which appear in Uma, 
we have 


, 
{Eee n+q —_ Om, a < U m+p, ntq —_ ie ne 


But by the general condition for convergence, since > leeima 


; m,n 
is convergent, 
Co pap isig Wem nee 
form > M,n > N, and every p, g, hence 
Wiese ntq — U eA <e 
form >.M, n> N, p,q =1, 2; 3, . . 3 which: shows 


that » Umn 1S convergent. 


m,n 
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229. Absolute Convergence.—The double series > ren 
m,n 
is called absolutely convergent when the double series > lun 
m,n 
formed from the absolute values of its terms converges. 
Absolutely convergent double series are very similar in 
their properties to the convergent double series with 
positive terms. 
230. Theorem.—If the double series Dy Umn 1s absolutely 
m,n 
convergent with sum U, then each row- and column-series 
converges absolutely, and the repeated summations by rows 
and by columns converge absolutely, with 


(a) Sur) ee Ue 


n m 


For since the double series > [umn is convergent, all the 
series mentioned in the theorem must be absolutely con- 
vergent by Art. 223. The relation (a) follows at once from 
Art. 203. 

231. Theorem.—Each of the three equations 


Diss = U,, pais =i BP Dias =U; 


carries with it the other two, of the corresponding series is 
absolutely convergent. 
This result is obtained by application of Arts. 224, 230. 


232. Theorem.—/f the double series yee has its repeated 
m,n 
summation by rows absolutely convergent, with the sum U, 
then all the column-series converge and the repeated summation 
by columns is convergent with sum U. 
This theorem of Cauchy’s is a special case of Art. 231. 
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233. Comparison Test for Convergence. Theorem.— 
If Gnn 2 0, Cmn 2 0, and tf Qmn S Cmn for every m and n, 


then if oa Cmn U8 convergent, > Amn 1s also convergent. 
Mm, % m,n 

This can be proved in the same way as the corresponding 
test for simple series. 

234. Integral Test for Double Series.—The integral test 
for simple series may be generalized so as to apply to double 
series, giving the following 

Theorem.—Let f(x, y) be a function of x, y, which ts 
positive for all points (x, y) outside a certain closed curve T, 
and which steadily diminishes in value as the point (x, y) 
recedes fromthe origin. Consider the value of the double integral 


J i, f(x,y)dxdy, extended over the ring-shaped region between 


the curve T and a variable curve C outside T, which 
recedes indefinitely in all directions, and then compare with 
it the double series > f(m, n), where m and n may have any 
positive or negative integral values for which the point (m, n) 
lies outside the fixed curve. Then the double series converges 
af the double integral approaches a limit, and conversely. 

As an example of the application of this test, consider 
the double series 

> 1 


mn (m? =F n2)# 


where m and n may take all integral values from — 0 to 
+0 except the values m = n = 0. Comparing with the 


double integral 
dxdy _ 
(i YDe 


extended over the region of the plane outside any circle 
whose center is at the origin, which has a definite value 
when » > 1 and becomes infinite when » < 1, we see that 
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the given double series is convergent when wp >1 and 
divergent when p < 1. 
235. Uniform Convergence of a Double Series of Func- 


tions.—Let pare be a double series whose terms are func- 
tions of one or more variables, which converges absolutely 
for all sets of values of these variables in a region S. Let 
R, be the sum of the terms of the double series outside any 
closed curve C drawn in the plane of the rectangular array 
formed by the series. We say the given double series con- 
verges uniformly zn the region S, wf, corresponding to any 
e > 0, however small, a closed curve K, not dependent on the 
values of the variables, can be drawn so that |R| < ¢ for any 
curve C whatever lying outside of K and for any set of values of 
the variables in the region S. 

236. Double Power Series.—Consider the power series in 
two variables > Omnt™y”, where the indices m and n may 

m,n 

take all integral values from 0 to -+-o, and where the 
coefficients Gmn are any real numbers. Then we have the 
fundamental 

Theorem.—If for a set of values © = %, y = Yo, the 
terms of this double power series do not exceed a positive 
constant in absolute value, the series converges absolutely for 
all values of « and y which satisfy the inequalities |x| < |xol, 


lul < |vd. 
For, if 
la-mnXo™Yo"| = M, 
then 
la | <a ay le 
ee hel” 2 [ol* 


for all values of m and n. Then the absolute value of the 

general term of the double series > Omat”y” is less than the 
x y os 

Lo a 


™m 


corresponding term of the double series > 
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But the latter series converges when |x| SS |-xd, ly| < lyd, 
and its sum is : 


0=EDe 


as is seen by taking the sums of the terms by columns and 
then adding these sums. 
Now let 7 and p be two positive numbers for which the 


y 


x 


double series S lamalr™p" converges, and let R be the rec- 
tangle formed by the four straight lines e =r, x = —7, 
Y =p, y = —p. For every point inside this rectangle or 
upon one of its sides no term of the double series >, Cnet Ut 


exceeds the corresponding term of the series yo. lane[r™p™ in 
absolute value. Hence the double power series converges 
absolutely inside the rectangle R, which is the form of its 
region of convergence. 

237. Generalization of Double Series.—Just as simple 
series may be generalized by considering the summation to 
extend from — to +o, giving rise to two-way series, so 
we may similarly generalize double series. Let Uwmn be an 
element in which both indices m, n may vary from — o to 
+ oo, then the set of all such elements may be arranged in a 
rectangular array which extends indefinitely in all directions 
in its plane. Such a series may evidently be divided into 
four double series of the ordinary type. 


238. Multiple Series.—A series of the type 


> Um) Mer Tee ts ey Uap 


MM a sy iMep 


where the indices m1, M2, . . . Mp may take on any values 
from 0 to &, or from — © to +o, but may be restricted by 
certain inequalities, 7s called a multiple series of order p, 
or a p-tuple series. Such a series is convergent with sum 
U, when the partial sums 


/ 
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Np 
Sai M27 2 + 2 Np oa », > ae jae te yas mo, * + © 9 Mp 
™mp=0 


mi=o0 m2=0 


all have a definite finite limit U however the n1, no, . . . Np; 
become infinite, provided they > © independently of each 
other but increase simultaneously. 

The theorems proved for double series admit of immediate 
generalization to multiple series of any order. 

The Cauchy integral test may be extended to multiple 
series as follows: Let f(x1, 22, . . . , 2p) be a function of p 
variables, always positive, which decreases to 0 with increasing 
values of the x’s outside a closed region R of p-dimensional 
space. Then the p-tuple infinite series 


> f(m, RN ; Mp) 


LA SO, aCe Cer} 


converges or diverges according as the p-tuple integral 


Tat i aia eee 


extended over the whole space outside the region R is convergent 


or not. 
By application of this test, we may show that the multiple 


series 


/ 
1 
ee >» SCD genie, ia era My?) 
where the set of values m =m.= ... =m, =0 is 
‘excluded, converges 1f 24 > p. 
A power series 


> Amy + + + mp1 1h" Pate, ae Lp”? 
Mir +++ Mp 
in p variables converges uniformly within any region lying 
within its region of convergence. 
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239. Substitution of One Power Series in Another.— 


foo) 


Let z = >, any” be a real power series with the interval of 


convergence (—R, R), and y = x 6,2” another real power 
0 


series with the interval of convergence (—7r, r). Then we 
may regard z as a function of x, and the problem at once 
arises to express 2 as a power series in 2. 

Using Cauchy’s multiplication theorem (Art. 146), we 


may obtain y?, y3, . . . as power series in a: 
y? = bo? + 2hobia + (b1? + 2obe)a? +... , 
y> = bo? + 3bo*biz + 3(bob? + bo%b2)a?> +... , 


which converge absolutely in the interval (—r, r). Sub- 


foe} 


stituting these values of (y-¢, 9°50 4. dn 2 » Gnd”: 
0 


we get the double series 


ao + 
+ aibo t aibia + aber? + CC, 
(a) + adobe? + 2asbobia + ao(by? + Qbebs We redlan celme toat 
+ a3bo? + 3a3bo7biw + 3a3(bob1? sks bo?b2) x? non 
ae 


If we sum this double series by rows, we get a series whose 
sum is 2, since each row is a term of z. If we sum by 
columns, we obtain an arrangement according to powers of 
x, and these two sums will be equal if the double series is 
absolutely convergent. 

Put |an| = on, |b,| = Bn, |2| = £ then the series of 
absolute values of the terms of the double series (a) will be 
< the positive double series 
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ao + 
+aiBo + aiBié + aiB.é + . 
(d) + a8? oe 2ar2BoB1§ ae a2 (B81? te 2882) Sas 
+ 238 0% a 3a380?B1E + Saas + Bo?B2) 4 


This series summed by rows gives 


> cal te S Bat"), 
n=0 


m=1 


which converges when 
Bo + >) Bmé™ < R. 
1y 
If p is any positive number < 1, the series >, Bme™ is 


convergent, and hence the terms 6,,p” have a finite upper 
bound M. Then 


ee ews ton (5 \" Sy ees 
2 Bonk = 2) Bop (*) <u>) p= 
so that our condition for convergence of (0) is 


eee 
pre 


< ih. 


R ae 
Hence, if Bo < Rk, and —< yore the positive 


series (b) will converge, and consequently the series of 
absolute values of series (a) converges and series (a) must 


converge absolutely. 
We have then the 


Theorem.—The substitution of y = > C0 te = > Any” 
0 0 
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is permissible and z can be represented as a power series in x, 
af the conditions: 


(1) |bd < R, 
(R — |bd)e 
CEG Sire = 


where p <r, |b:lp" < M, are satisfied. 
In particular, if b> = 0, the conditions may be replaced by 


pk 
Hh < WER 


If z =>, any” is convergent for all values of y, the condi- 


tion |x| < r is sufficient to justify the substitution. 

If bo = O, the coefficient of x” in the new series is not an 
infinite series but terminates, and the first few coefficients 
are 


Co = Ao, C1 = ayby, Co = aibe + a2b;?, 
cz = dibs = 2aebibs a asb13, Silene a 


Example.—If 
2 3 
2=14+ 347404... =e, 


sin 2, 


oi 
ll 


then z = e""". Substituting y in z, we get the double 
series 


21 tet 0-e—Te29 + 0 at + 4s0e? 0s ee 
ae Ugg? TQ Se gat 4s Os eee ee 
360? 0 = J 4en* 0G eee 
+ 44r' +O Seog) ee 
+ Yoorw® +0+-..... 
a 24 2000 cease 

fet 


§240] DOUBLE AND MULTIPLE SERIES 203 


Summing by columns, we get 


2=e* =1 +a + lox? — yet — Vsa5 — 
Y640n® + Ane O 


240. Taylor’s Development for Power Series.—Consider 


foo} 


the power series 2 = P(y) = > any", with the interval of 
0 


convergence (—R, R). Let x be a point in the interval 
(—R, R), and then choose 6 so small that y=a-+h 
also lies in the interval (—R, R), for every value of h such 
that \n <6. Then we have 


2 =a + az + h) 
+ a(x? + 2xh + h?) 
+ a3(2* + 322h + 3xh? + h’) 
Regarding this as a double series, by Art. 239 it may be 
summed by columns, giving 


P(e +h) = do + aux + an2? + age? +. 
+ h(a, + 2a + 3a;77 + .. .) 


2 
+ Fa, + 2- Base + 3+ 4ag* + et 
Fike Siem Srey Te BCA TE Ee Ae Reed het 
= P(x) + h- P'(a) +5 {P'(2) en P(e) ae 
This is Taylor’s development of a function defined by a 


power series. 
241. Division of Power Series. Theorem.—Let P = 


foo} 


Gere, ao ~ 0, be absolutely convergent in the interval 
0 


(—R, BR), and let Q = aye--+ cox? + age? in nde 


; i 1 
numerically < lad in the interval (—r,r),r<R. Then pcan 
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1 
be developed in a power series 5 >? Cnx” which converges in 


Shy 1 
(—r, 1r); the first coefficient is co = rhe 


For we may write 


Let 1 el 1! 
P~ a+Q a 1,1, @ 
ao 
ENT (rr Oy pate ees 1 
=o 11 ae Toe aon ry: 4) 


for every z in (—r, r), and applying Art. 239 our theorem 
follows. 


To find the coefficients of > Cn2”, we may multiply outin 


= >, an". > CnX”, 


and equate coefficients of like powers of x on each side of 
the equation. 

If we now wished to divide one power series, Pi(x), by 
another, P(x), we write 


P,(2) — 
Pia) 7 Pt) pray 


and apply the preceding result. 
242. Reversion of a Power Series.—A general power 


@ 


series > b,t” may be written in the form 
0 
i Vo ier 


which converges for x = 1, without loss of generality. For 
if we suppose that the series 


0 = bo + bit” bal? *b ALT. , bo ¥ 0, 


/ 
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converges for ¢ = to, and put 


Oh epee bo 
bito 


t = 2lo, U = ) 


the series v becomes 
(a) b= 8 = aor? — asx? — ow. , 


which converges for x = 1. 

The problem of reversion of series is to develop this 
function # in a power series in wu, valid in some interval 
about u = 0. 

Let us put 


(b) Bites Cyl” Fx Cat 


and try to determine the coefficients c, so that (6) will 
satisfy (a) formally. Raising (b) to successive powers, 
we get 

xe? = u? + 2cou? + (co? + 2c3)u4 + (Zeca + Zeoes)ur +... ., 


e3 = u® + 8cou4 + (Bee? + 3c3)u> + 2 2 oy 
ge Us + Agus + sy 


Putting these values in (a), we have the double series 


(c) w=uUu+ (co — Ge)u? + (cs — 2aec, — a3)u? 
+ [c4 — d2(co? + 2c3) — 8a3c2 — aalu4 
+ [ces — 2ae(c4 + Co¢3) — 3a3(C2” + €3) 
—4Aadsce — aslu® 


+ 


Equating coefficients of like powers of u on both sides, we 
get 

Co = 2, 

C3 = 2deCe + Qs, 
(d) n= to (2? + 2c3) + 3a3¢2 + Qa, 

Cs = 2a2(C4 ae C2C3) + 303 (C2? + C3) + Aagce + a5, 


el 0 *F 24a oad 
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from which we can determine all the coefficients c. The 
resulting series will formally satisfy (a). To complete the 
investigation, it is necessary to show that this series con- 
verges for some u ¥ 0. 

Since the series (a) converges for x = 1, we must have 
a, — 0, and we may write 


lanl < some att =)235 se 


From (d) we see that c, is a polynomial in dz, @3, @4, . . . , 
a, with positive integral coefficients, 


Cp 5 Fin (Gay Cigna 2 ay Pale 


If yn =fnla, a, ..., a), we have |c,| <a. If we 
replace all the a’s in (a) by a, we get the geometric series 


u=x2— ax? — ax? — art — 


(© =2- 


ax? 
l1—2z 


The inverse series belonging to (e) is 
(f) i in ae 2) ll ae Fl Zl 


Solving (e) for x, we obtain 


l+utv1 — 22a + Iu + wu? 

2(1 +.a) 
Putting 1 — 2(2a + 1l)u + wu? = 1 — »v, for uw near wu = 0; 
we have |o| < 1, and by the binomial theorem, 


(9) r= 


NAT eg eee Se ape ; 


Replacing v by its value in u, this becomes a power series 
in u which converges for wu near the origin, by Art. 239. 
Hence we see from (g) that x can be developed in a power 
series about the origin, and therefore series (f) converges 
about u = 0, and then (6) converges in some interval about 
u= 0. 


' 
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We have then the 

Theorem.—/f the series 
(h) w= O:-+ bie + bor? + bet? + Ly (01 0), 
converges about the point x« = 0, x ts defined as a function 
of u which admits the development 


(b) & = (w= 0) [> + au = B) + ax(u = 0) + ante 


about the pointu = b. The coefficients a may be obtained by 
substituting (k) in (h), and using the method of undetermined 
coefficients. 

This process is called reversion of series, or sometimes 
inversion of series. 

Example.—Starting from 


Ge aR 


OR Loriat) ed og Ag gh hs bhsgal 
and putting 
TY Be Wk ip 1 lt lal 9) hal A i 
we find 
—c =— ,- %, 
—cs; > 2(— Fema SE fare) 
—e = —4(44+:2°%) +3042)% -—- 3) = —a, 
Be cs = a, 
—c, = 2(-4) (44 +) +340)(44 %) 
en 008) +36 = —}o0, -. cs = 20, 
Hence 
ews +4 + 3 Faber tie: Ate 
or 


2 3 us u° 
f4reltutetatatsat ‘phat ar Ze, 
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CHAPTER XVII 
INFINITE PRODUCTS 


243. Convergence of Infinite Product—Let wi, we, 


Uz, . . . 5 Un... be an infinite sequence of real or 
complex numbers and put 
P,=(1+uji+u)... d+) = Tat). 
i=1 


When n — ©, P,, becomes an infinite product, and it may be 


denoted by IIa + u,). 


t=1 


The infinite product] [ (1 + u,) ts called convergent when 
1 


the sequence (P,) ts convergent, 1.e., when LP, exists, and 
when this limit P of the sequence is not zero. The limit P 
is called the value of the infinite product. 

The infinite product is said to be divergent when P, — © 
or P, > 0, and oscillating when P, does not approach any 
definite limit. 

The reason for excluding products whose limit P is zero 
from the class of convergent products is that a product of a 
finite number of factors cannot vanish unless one at least 
of its factors itself vanishes, and this general principle 
would be violated by zero products, hence they are classed 
among non-convergent products. As an example of a 
zero-product, we may take 
forP, =-—0. Tosimplify the following theory, we shall 
14 209 


Sir 
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assume that no u, = —1, so that 1 + u, ¥ 0 for every n. 
If the infinite product lite +u,) is convergent, then by 
the general condition of convergence of a sequence, 
PES P| <a ND Ey 2d) ees ca 
and also we must have 
IP.l > 9 


for every n, where g is a positive constant. 
244. A General Condition for Convergence. Theorem.— 
The necessary and sufficient condition for convergence of the 


infimte product |] (1 + un) is that, for any arbitrarily small 
1 


positive e, an index N can be found such that for n 2 N, 


(a) Si 


P, ans 


where p may have any positive integral value. 
Suppose first that the product is convergent, then since 
|P..| > g, we can divide both sides of 


Prt te P| < € 
by |P,|, and we get 

Prp é 

P, 1| < a 


The condition is therefore necessary. 

If now the condition (a) is satisfied, for any assigned e, 
let us determine the corresponding n; then for this n, 
|P.| = A is a positive finite number ¥ 0. Multiply both 
sides of (a) by IP, = A, and we get 


Prep — P,| << Ae, 
or 


A(l — ¢) < |Prt|< AQ +6). 
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The first of these inequalities shows that LP,, exists, and 
the second shows that this limit is not zero. Thus the 
condition is sufficient. 

The inequality (a) can be written 


Oe Gee) oS es) = Le 


for n>WN, and for every p. 
245. Necessary Condition for Convergence.—If we put 
p = 1, we have 
Prip 


P,, = 1 “3 Un+1, 


and Art. 244 gives 
letayal < én = N, 


and we have the 
Theorem.—The necessary. condition for convergence of 


the infinite product Tc 1+ u,) is Lu, = 0. 
1 


This condition is not in general a sufficient condition. 


1 
This is shown by the example of u, = + FS for, 


TG +}) = +20 +3)0 +3) G45) 


Cae Dan ©, 


a Jar eae oe 


0 -1)-G-DO-)-- G-2 
# 


Sr ee 


=n+Lb 
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so that both infinite products are divergent, for nl 
first P, — ©, and for the second P, — 0, and yet Lun = 0 


for both. 
246. Equivalent Series.—From the recursion formula 


P; = (1 Fw) Pea= Pes Pes, 


we get 
Ps = Poy UP ek 
= ser + UmasE a8 + ak aati 
om Pies + Weak aes + UF ak + PY ey ee PY 
and so on. 
(a) ooPy = 1 aes. 


ti=1 


If the infinite product converges, then LP, exists, and 


foo} 


hence the series 1 + >, uP is convergent with sum 
1 


equal to the value of the product; and conversely, if the 
series is convergent, then LP, exists and the product is con- 
vergent with value equal to the sum of the series: 


(6) Ila +a) =14 >) uP. 
a 1 


foo} 


This series 1 + > UnPn—-1 ts called! the series equivalent 
1 


to the infinite product. 

By means of the formula (b), we can transform an infinite 
product into a series. Conversely, we can transform the 
partial sum U, of a series: 


U, = ty but... + Un 
into a product. For from the identity 
Ps ie 
1 u — t 
PeRaee Int 


1 After MirraGc-LErrier. 
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ve wilI( + G2.) 


These two formulae, (6) and (c), are not in general prac- 
tically applicable, since we can in general neither express 
the partial products P, nor the partial sums U,, in simple 
form; but they may be of theoretical value. 

247. Weierstrass’ Inequalities. Theorem.—IJf a, az, 


Me t0,, 2 . .-are al positive and: < I, then 
(a) (1 + ai)(1 + ae) ay aa (1 + a,) >1+ 
(ire Gs oe a 
(b) (1 — a,)(1 — ae) ee cides (1 —.a,) > b= 
(pest Onsclvin ants a): 
and if >, 4; “oF 
t=1 
(c) G+a,)(1+a)... U1+a,) < [1—- 
CBee aes oe rae mat 119 | at 
(d) (l—a)(1—a.)...UM--—a,) <{1+ 
(a; + ag + ee es *{- Gy) | 4: 
We have 


(1 +a) + a) = 1+ a1 + a2 + aia, > 1 + a1 + ay, 
therefore 


eel + a2) (1-4 a3) > (1 + a, 4a (1 as) > 1 
Gi Oo. Os, 


and so on. Similarly, 


Romero ie = 1 — (ay as) aide > 1 — 
(a1 + ap), 


and since (1 — as) is positive, 
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(1 — a)(1 — a2)(1 — as) > [1 — (ai + a) (aa) > 
i (a1 ds + a3), 


and so on. 
Now 
1 — a? 1 
LAG, Ont haan eran 
hence 
(1 + a1)(1 + ae) Oe te ie (1 + an) < 
1 
GQ 2a) al. - oC ae 


and since >, 4 <1, using (b), we get (c). Similarly we 
1 


obtain (d). 
Combining these results, we may write 


(e) eG > e)- > Ifa -'0)) i Lh 33) as, 
() G+ a> Ta-a)>1- da 


248. Theorem.—If ai, a2, . . . ,Qn, . . . alllie between 
0 and 1, then the necessary and sufficient condition for the con- 


vergence of the infinite products IIa + an) and lla — Qn) 
1 1 


foe} 


is the convergence of the series Des 
1 


Put 
Py = (ba) (1 ae) 8 (ee) 
Q» = (1 me ay) (1 7 2) nek (1 = Ga)? 
Then it is evident that the sequence (P,,) is increasing and 
the sequence (Q,) is decreasing. 


Suppose first that > a, is convergent. Then we can find 
m so that if 


_ §248) _ INFINITE PRODUCTS 215 


Cn = Omir F Omie + oR atann> 


we have om <1. Then 


1 < 1 
l-on LS AOmie rts oie + Gn) 
But . 
P, 
Pere (1 + Gmyi)(1 + ange) . » . (Ll +a); 
and applying inequality (e) of Art. 247, we have 
cs 1 
<< ) 
1 Exe, 1 — (Gme1 + .... + Ga) 
and therefore 
P; 1 
P. = 1 ane om. 
or 
(a) b eae a i Pm (n > m). 
ar: 
Similarly, we find 
BE > 1 (ames + Diemer he + an) > 1 — om, 
or 
(b) Ape = Onc = Ten) 


Now (P,) is increasing and (a) shows that it is bounded 
above, and (Q,,) is decreasing and is bounded below by (0), 
hence both these sequences have limits (Art. 28), 


Pe EP O12 ON I~ oh), 


1 =< Orgy, 
Next suppose > a, divergent, then we can find m such that, 
for any positive number G, however large, 


Qitati..ta>G,n>m. 
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By inequalities (a) and (f) of Art. 247, we now get 


Pra >1l+G@, Qn <7 n> mM, 


ce ae 
+ @ 
hence 
LP, = oo, LQ, = 0, 
so that both products are divergent. 


Examples.—(1) The infinite meade ( 3 *) and 
1 
II( US *) are divergent, since > é is divergent. 
; n n 
(2) The infinite product It = =) is convergent, since 
2 
>4 is convergent. This may be verified directly, since 


ee 1 _ =D) 


n? (Ce 
and we may write 
2 LS 254 3D 456 (n —1)(n+1) 

Meat or grat Be eV 
Der 1 
oes 

Lege oe r UN 
so that LQ,-1 = * Similarly, IG: oh =) is convergent. 
1 


This theorem may also be proved by use of the equivalent 
series. Suppose first that > a, is convergent, then when n 


increases, P, can only increase, and to prove that P, > 
a limit we need only prove that P, remains < a fixed 
number. Developing the product, we have 


§249] INFINITE PRODUCTS 217 


P, = (1+ a:)(1 +a)... (1 + a,) 
=I1+at+at...t+a,taa.t+.. 
+ Ad, . ited PD ae 
1 
Putting A, ea one Gee Gy, Bhd ‘Apa DAs 


> ai, we have 
1 


2h n 
Fe ee oe aie ca 
1! 2! n! 


hence P,, — a limit and the product is convergent. Con- 
versely, if the product is convergent, P, remains finite, 


and 1 + > a;P;-1 can only be convergent when the series 
ee a; is convergent, by Arts. 125, 127. 
249. Theorem.—I/f [a+ lun) is convergent, so also is 


Ifa dls 
if, in a polynomial in uw, v2. . . , Un, with positive 
coefficients, we replace wi, Ue, . . . , Un by their absolute 


values, we obtain the sum of the absolute values of the 
terms of this polynomial is 2 the absolute value of the 
polynomial. But the polynomial l+wu+ ... +4, 
+ ue t .. . Hue... Un, which we obtain by 
effecting the development of the partial product P,, has 
its coefficients positive and if m is any integer > n, we see 
that the development of P,, contains, besides the terms of 
P,,, other terms with positive coefficients. It follows that, 
if we regard P,, — P, as a polynomial developed and 
reduced, the coefficients of this polynomial will be positive, 
and hence if we denote by P’, the result obtained by 
replacing in P, the terms wu, U2 . . . , Un by their absolute 
values, we have 


Pee NP Pl Pi, 21 = Pa, (m>en). 
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Evidently P’, —P’, 2 0. Now Since Ila + lun) is 
convergent, P’, — a limit as n > o, and 

ek eit heer ete oe 
hence 

IP» — P, <1, Mi > i an, 


therefore P, — a limit. We must next show that this limit 
is ~ 0. 
Suppose first that, for every n, hurl <1. We have 


ies tem) = eee) eee 


Since Ila i henl ) is convergent, it follows from Art. 248 


Un : 
1s convergent 
1+ _ i ae 


since the ratio of the n‘* terms of these two series is |1 + ual, 
which > 1 asn — © (Art. 96), and then by Art. 248 again 


that >, lu,| is convergent, then > 


1 hiner taeh 
we see that pia finite limit, hence P, — a limit + 0. 


We may now remove the restriction on wn, i.e., [unl < 1, by 
writing 
Peomi(ssbah) «eo 4 Cane Oye sae 

(1 + Um), m > n, 


and 


o 


Ps 1 Fale. + we ae 


i=1 
and since u;— 0, we can take n so large that for every 7, 


lunsd <1. Then by the preceding result, Ik 1 + Uni) will 


i=) 


have a value ~ 0, and hence P must be ¥ 0. 
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250. Absolute Convergence.—The infinite product 


IIc 1+ u,) is called absolutely convergent when the product 
1 


[[G + ul) is convergent. 
1 
Theorem.—The necessary and sufficient condition for the 


absolute convergence of it (1 + wn) ts that > Un be absolutely 


convergent. 
This follows at once from Arts. 248, 249. 
251. Theorem.—If the terms a, are positive, the value of 


the infinite product | [ (1 + a,) is independent of the order of 


ats factors. 
For let us suppose that we rearrange the terms aj, 
Ge, . . +» Qn, -. ., and obtain the sequence 0, bs, 
_, bn, . .., and let P = [[(1 +a,). The product 
1 


of as many factors as we please among the numbers 1 + a, 
or 1+}, is < P; then the infinite product IIa + b,) is 


convergent and its value is at most = P. If we now choose 
arbitrarily a number Q < P, we can determine a positive 


integer p such that the product (1+ a:) ...(1+a,) > 
Q; if the sequence 6, bz, . . . , 6, contains all the terms 
of the sequence a1, de, . . ., @,, the product (1 + bj) 


.. . (1+ 5,) > Q; then the value of the infinite product 
[la +.,) is > Q: it is then = P. 
252. Theorem.—If Ila + un) ts absolutely convergent, it 


is independent of the order of its factors. 
Suppose that (b,) is a rearrangement of (u,). The 


infinite product | [ (1 + |b,|) will be convergent and will have 
: 1 
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the value P’. Denote by Q’, the product of its first factors 
and by Q, the product of the n first factors of Tk 1-0, ): 


Then Ifa + b,) is absolutely convergent since > lb, is 


convergent. We wish to prove that Q = P, where Q = 
DQn- 


Since [[(1 + |u|) and [[(1 + |d,|) have the same value, 
1 
we can make correspond to each positive ¢ a positive integer 
p such that 


le. — Pil<en, o>p. 
But if we suppose that uw is sufficiently large that all the 
factors in P’, are contained in Q’,, we have, by the preceding 
remark, 


lQ,, Pate 
(Qe ak 


a 


<€ My > Pp. 


If we let u — ©, and call Q = LQ,, we have 


la-P << 
and letting » > %, 
lQ@-Pl<.« 
or 
Q =P. 


253. The Associate Logarithmic Series.—The series 
> log (1 + ui) is called the associate logarithmic series of 
the infimte product Ila + u;). By taking logarithms, we 


can reduce the theory of infinite products to the theory of 
infinite series. 
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Consider the case of a positive product | [ Ci-lay,). > Put 


Neots >) log SUG), then loc P,, =r, and P, = -e%. 
i 


If P is convergent, then P, — a finite limit # 0, and hence 
X\,» — a limit and the series \ is convergent. If the series 
is convergent, then >, —a limit \, and hence P, >a 
limit # 0, and the infinite product is convergent. We have 
then the 

Theorem.—The positive infinite product P and the associate 
logarithmic series converge or diverge simultaneously. 
When convergent, P = e, and = log P. 

254. Theorem.—The positive series » Gn and 
3 log (1 + Gn) converge or diverge simultaneously. 

For, 

L log (1 + an) 2 


A On 


1 (Art. 56), 


and we may apply Arts. 96, 97. 
The result of Art. 248 follows at once from this theorem. 


255. Theorem.—/f the series ps Un ws conditionally con- 
vergent and the series »! Un? ts absolutely convergent, then the 
infinite product IIa + Un) ts conditionally convergent; if 
> Un ts divergent but >, binl? is convergent, the product 
diverges. 

For we have from the logarithmic series, 


log (1 + u;) = u;, — K;-u/?, 


where K; — 14, hence for every positive integral value of p 
we have 


n+p n+p n+p 


> log 1 + u:) = > ui = Sy Tange, 


ntl n+1 n+i 
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from which our theorem follows without much difficulty, 
making use of the associate logarithmic series. 

256. Uniform Convergence of an Infinite Product.—The 
infinite product 


P(z) = [[1 +u,(@)I, 
1 


whose factors are functions of x, is said to be uniformly con- 
vergent in a region R when the sequence [P,,.(x)], formed from 
the partial products 


P,(z) = [[ + u(z)l, 


is uniformly convergent in R to a value which is finite and 
~ 0 (Art. 162). 


257. Theorem.—The infinite product Ilu + un(x)] as 


uniformly convergent in a region R when and only when the 
series 


Mx) = >) log [1 + un(a)] 
1 


is uniformly convergent in R. 
For if the associate logarithmic series >} log [1 + un(x)] 
is uniformly convergent, and we put 
A(x) = An(x) + pa(2), 
we have for n > N, 
lon(x)| <e 
for every x in R, and then 
P(z) =u edn(a)+Pn(z) os P,(a) . efn(2), 


P(v) — P,(x) = P(z)[1 — er], 
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Since P(x) is finite, and since e°"*) — its limit 1 uniformly 
when n — ©, while zranges over R, the product | [[1 “ey t)| 


must be uniformly convergent in R. 
Conversely, if the product is uniformly convergent in R, 
and we put 


P(x) = P,(x)[1 + on(2)], 


we have for n > N, [c,(x)| < ¢ for every x in R, and we 
have 


(wv) = An(x) + log [1 + on(x)] + 2qr7; 


since log [1 +.,(x)]—> its limit 0 uniformly, the series 
> log [1 + un(x)] converges uniformly in R. 

258. Theorem.—If the series of positive terms > lun (x) | 
is uniformly convergent in a region R, the infinite product 
lite + un(x)] converges uniformly in R.* 

From the identity 


log [1 + tun(x)] = unl) + Kn; 


where k, varies with x but so that the sequence (k,) > 1 
while x ranges through R, we get 


n+p n+p 
>, log | 1+ u,(x)]| < G: > lus(a),] 
in +1 n+1 


where G is the upper bound of the absolute values of the 
numbers (kn), from which our theorem follows. 

259. Theorem.—If the infinite product [[[{1 + ua(z)] 
converges uniformly in a region R, and all the terms un(z) 
are continuous functions of « in R, the value P'x) of this 
product is a continuous function of x in R. 


1 Provided none of the functions w(x) takes the value —1 as z 
ranges over &. 


\ 
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This follows at once from Art. 162.. 
260. Theorem.—If > M,, is a convergent series of positive 


constants, and if for every n and for every x in a region Rh, we 
have |un ‘x)| < M,, the infinite product [lu + u,(x)] will be 
1 


absolutely and uniformly convergent for every x in R. 

This theorem, which is the analogue of Weierstrass’ 
M-test for series, may be easily proved by use of the equiva- 
lent series of the product. 

261. Example.—Consider the infinite product 


Pays I: re oem. 
1 


We have 


ss i e? ape 
ee pe eS 


es ik 
n  2n? 6n3 


where K,, remains finite when zx has any finite value. Then 
we get 
P(e) Ht eR ) 
Bed See ee), 
; Qn? 03 c 
and we have 
a? x3 


Ss eet ae, 


Di ns 


Ga 


By Art. 258 we see that the product P(x) is uniformly con- 
vergent for all finite x, which are not negative integers, and 
the function P(x) is a continuous function for all these values 
of x The function P(x) evidently vanishes for negative 
integral values of x but for no other finite values of z. 

This product is important in the theory of the Gamme, 
function. 


\ 
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262. Example.—Consider the infinite product 


a2 
Ti = 5a) 
1 
sl 


which represents : = (Art. 265). 


In order to find whether it is absolutely convergent, we 


9 © 


must consider the series > pe OF >, >; this series is 
9 nr TAIN 


absolutely convergent, and so the product is absolutely 
convergent for all finite values of z. 


But now let this product be written in the form 


Ge as) 0+ 3) 


The absolute convergence of this product depends upon that 
of the series 


But this series is only conditionally convergent, since its 
series of absolute values 


re i 

T + vis ap Qa ai Qa | 
is divergent. In this form, therefore, the infinite product is 
not absolutely convergent, and if the order of its factors 
G a0 —) is deranged, there is‘a risk of altering the value 


of the product. Lastly, let the same product be written in 
the form 


15 
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: x Lanes 
in which each of the expressions (G a —~e *m=z is counted 


as a single element of the infinite product. The absolute 
convergence of this product depends on that of the series 


oe (1 = 2) +2} + (lon (142) - 2) 


+ {log (1-5) +5¢} + ake ee 


(-3+.. )+(-5+ _..)+ 
2 
(Co) eae 


and the absolute convergence of this series follows from that 
of the series 


1 i 1 4 1 1 
Lopate gi gut get dae an eee 


The infinite product in the last form is therefore again abso- 
x 


lutely convergent, the introduction of the factors oun 


having changed the convergence from conditional to 
absolute. 


263. Theorem.—I/f > lanl is convergent, the product 
1 


ao 


i + a,x) is convergent for all values of x, and may be 
1 


expressed as a power series P(x) which is convergent for all 
finite values of x. 

The product lite + dnX) is convergent, since >, la, . |x| is 
convergent (Art. 250). Let |z| = r, and suppose first that 


the coefficients a;, a2, a3, . . . are all real and positive. 
and consider the partial product 
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P(r) = (1 t+ar)\(l+ar)... (1+ a,r). 
We may expand this into 
Poo ge Hg pe pe gam 
+ 57 


where s;” denotes the sum of the coefficients Qi, Qa 
Gn; 82” the sum of the products of these n numbers falen 
two at a time; s;” the sum of the products taken three at a 
time; ete. 

Now since any term s,”-r” is < P,(r) and hence < 
P(r), where P(r) = LP,(r), it follows that Ls,,“r™ must 


exist, = sar™say. Then Lsn\” = Sm. But 


P(r) > 1+ Pr + gr? +. tb Oem 
and if we leave m fixed and letn — ©, we get 
P(r) > 1+ sir + sor? + 2. Hb Snr™. 
Then the series 
SetenSai ari Sel ert Ae eat Sal? 8 S, 


has the sum S,,(r) of its m first terms < P(r), and hence 
S,(r) >a limit S(r) when m— , and S(r) < P(r). 
But since each of the terms of the product 


Pa(r) = 14 51 r + 9 r? +... bog re 
is less than the corresponding term of the sum 
Sr) = 1 + sir t+ ser? +... H+ Sar”, 


we have S,,(r) > P,(r), therefore we must have S(r) 2 P(r), 
and hence S(r) = P(r). 
Now consider the product 
Payee ae) (1 Fb aon). 2s A age), 
where the a; are not necessarily real and positive, and > lan] 
is convergent. As before, we may write 


P,(t) = 1 +0i,%r + 02%? +... toma” + 
. to,” 2" 
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Any coefficient om‘? is a sum of terms whose absolute values 
form expressions corresponding to sm” above. Hence, 


(n) 


when n— ©, since sm” — a limit sm, the sum o,,"’ must 
— a limita. The series 
lt+owt+ou? +... tonrr™+ ... = P(e) say, 


is convergent, since its terms are less in absolute value than 
the corresponding terms of pe srr. Thesum S,(x) contains 
all the terms of P,(x), and the terms of the difference 
S,(x) — P,(x) have for their absolute values the correspond- 
ing terms of the difference S,(r) — P,(r), and hence tend 
toward zero, as n— . It follows that S,(x) — a limit 
P(a). 

Hence the function defined by the product Ila + a,x) Is 


developable into a uniformly convergent series > ont" 


arranged according to increasing powers of x. 
264. Double Infinite Products.—The discussion of double 
products is reducible to that of doubleseries. The necessary 


and sufficient condition that Ifa + Umn) may be-absolutely 


convergent is that > Umn be absolutely convergent. 
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CHAPTER XVIII 


TRIGONOMETRIC DEVELOPMENTS. BERNOULLI 
AND EULER NUMBERS 


265. Infinite Product for Sin x.—It is shown in advanced 
works on Trigonometry that when n is an odd integer, 
sin nz =a) sin"z + asin*a2+ .. . +d,_1 8in 2, 
where the coefficients a; are integers. If we put sin x = ft, 
we get 
sin nz = F(t) = dot” + af? 3+ . . . bait. 
Since F(t) is a polynomial of degree n, by the fundamental 


theorem of Algebra, it must have n roots, which correspond 
to the values of x which make sin nz = 0, namely, 


5s 5 ie : 
USE thek=a Se. phy ae aenisi) 
n nN 


We may then write 
Pa(t) = ant (t—sin®)(t + sin™)(¢— sin?) 
n 7 : 


= aot (#2 — sin? =\(# — sin? =r) Aye G Sin? 2) 
n n TT 


Dividing through by 


ee ee eT ; 
sin?—-sin?— .. . ‘sin? 
n n 


we get 


: ; Saw sin? x 
sin nz = K sinx fl — 1 - 
ck nies Qa 
sin? — sin? — 
: n n 


229 
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where K isaconstant. Dividing this last equation by sin 2, 


sin nx 


and observing that when zx —0, aan cet ne we find 


K=n. Replacing x by - and putting in this value of 


K, we have 
n—1 
2 sin? — 
; see 
sing = n-sin—- || RS 
n a BLE 
r=1 sin* — 
Put 
ae me: 
i x? 2 sin 7, 
Pz) = If (1-35) P@» =] [1-— 
gigs ) £ rw |?’ 
r=1 r=1 Sine 


aa 
steal sin? = 


A(z, n) = log P(x, n) = > log} 1 — 


r= 


If we write 
A(z, n) = Am(2) 1) Pate Xm(2, n), 
A(z) = Am(z) + Am(2), 
then 


Ih(w, n) — r(x) < [rn(a, 2) — An(x)]| + [Xm (x,7)| 
+[An(x). 
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A 


LEON oe a we have 5 < sinz < 2, hence if r > some m, 


sin? = a 
Aye ae 
110 re? — Ap2? : 
sin?— — 
n?2 


hence for m, such that — me < 1, we have 


aes 
sin? — 


2 
log| 1 — aa <log (1 - p55), 7 > m. 
sin? 


But the series 
Se) 
is convergent, for 


— log (1 — a) < a+ Ka? (K constant), 


“= Zilog (1 = we) Sa + KE (ales) 


x? x4 us 
ee 5+K  T6r8 


But D5 and pe , are convergent, hence Bs G - i) 


is convergent. Therefore, if m is sufficiently large, 


[Am(a, m)] < 3 Am (a)l < 3 


If n > some », we have 


Dm (2, 2) — Xm (2) < 5 
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Then we get 
|A(z, n) — A(z)| Gh a ag ine 


so that 
EXNG,-n) = Ne). 


It follows that 
LP(a,n) = Le*@™ = e*® = P(g). 


We have 


ae 
sin — 
Pe: n 
n sin—- =2%-———rasn—-@, 
n a 


n 


hence we have finally 


foo) 


(a) sine =2- JJ (1--4)- 


r=1 


We have thus expressed sin x as an infinite product, which 
exhibits in simple form the zeros of the function. 
An equivalent infinite product form for sin z is 


(b) sinc = 4. I oe 


n= —o 


<2 


For this product has been shown to be convergent in Art. 
262, and if we group the factors in pairs, we have 


(1-2)"G+2) "--3) 


If we replace x by 7x in the preceding product, we obtain 
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5 = x2 
(c) sinh 7 = = H(t +35): 


266. Infinite Product for Cos x—We may derive the 
infinite product representation of cos x from that for sin 
by using the relation - 


sin 2x = 2 sin x COS @. 
ae Ay 
1 20 zd 


He ay aes ap és (2m — ) 
ery 


We get 


os TG ‘e a 4x? ) 


(2m — 1)? 


°, cos © = ( = oan ayes) 


1 


As in Art. 265, we find also 


22 


pois - 1G - oe Caw) ae 


267. Wallis’ Formula.—In the infinite product for sin z, 


put 2 = . and we get 


= (1 we aa) =5 T Files. — eh BA 
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yf | 2r -2r ao i 
~ ALQr—1)-(2r +1) 1-3-3-5-5-7. 2. 
which is Wallis’ formula. 

268. Stirling’s Formula.— Wallis’ formula may be written 
T 27 tht G2 ea amen 1 


5 La (Qn — 1)? 2n +1 


and dividing by Bi taking the square root, and using 


n 


LAVOE 3) 


= 1, we obtain 


1 24:5 re 2 


1 
op eee yet te) as 


Multiplying numerator and denominator by 


2.4-6). 2.) 2n = 2 sn, 
we have 
(n!)222" 
a L==—— =e 
(a) n (Qn)! 4, / nr 
Now put 
n! 
Ol ———— 
o(n) nrt}s./ On 
then 
(2n)! 
o(2n) = Dart inantiin/ 
so that 


[p(m)]? _ (n!)?- 2? 
o(2n) (Qn)! 4/ nr 


or by (a), 
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b ple ts 1. 
) yo(2n) 
Now 
o(n) nl So yt jes) Ayr 

on4+1). +h! ms = Cay) 3 

or 
ae Loree 1 1 

le ay (n+ 5) log (1 +=). 

By the logarithmic series, we have 
1 

log (1 ++) = ~~ aotan - Fa peas 
so that 

PER GR eta) eri yee 

2) 108 n 2n BY rT ana ee 
1 1 1 
Bn ~ Gn? * Gnd ~ 
1 ea ENG 
a +s Ge ae = i iy ai Pea 
1 pyaa ee | 

ie 26 nt 88m 


This may be written 


(d) (n+ 3) log (it *) ete Gras 4 ty 
Ga 8 nt - goa) t is 
1 
es ace Gat ae 
The general term (v’") of (c) is 


peti DI LY 
(> + 1)-20' Ww? 
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so that all the differences in (d) and (e) are positive, since 


Meg ee Ad y “un 
(v+1)-20 wv wW+2)2 4+ 1) vt 
n(y? + »p — 2) — vp? 


x 2Qv(v + 1) (vy + 2)mtt det 
Hence, we have 
Mee (»+5) log (1 += *) ee a 
or 
(n) 1 
i ee Loves a a Loe Tne" 
Replace n by n +1, n+ 2, . .—, 2n — 1 successively, 
and we get 
o(n + 1) 1 
1 < log ——_~ =. 
te ERC Ura MN PE 6 * ia 
o(n + 2) 1 
1 < log ——_ a 
eb Ea) ite eae see 
ee: a eee 
1 < log ——— — 
98 50m).  b1aGe = ae eee 


Adding these inequalities, we find 


. $(n) 1 
nm < log $(2n) <n+ Tn’ 
or 
o(n) 3a 
—n 12n 
eee $n) = 
pe oO Ae 
0) TOR 7 
Now 
Ws $(n) ai ib 


n (Nn) 
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or 

Le"¢(n) = 
(9) el pe eas 253 
:  nenmnnt 54) Qa 


This formula is known as Stirling’s formula. It may also be 
written, in the infinitary notation, 


nl w em. nrtr/Or. 


269. Development of Tan x, Cot x in Infinite Series.— 
From the infinite products for sin x and cos x, we get by 
taking logarithms, 


x. 2 
log sin 7. = log x + 2, log (1 = =a) 


aa ee 
ee) 


Differentiating,! we get 


I 


log cos x 


1 a ay 
(a) ie Oy at it 
o x 
Reo zx 2 ) 
(b) aceite ih cee 


valid for all values of x for which cot x and tan x are defined. 
The series for cot x may be written 


t Pay: aes 
ner ae He Ni) 


These formulae (a) and (6) exhibit the functions cot z, 
tan x as series of rational functions whose poles are the poles 


17This differentiation is legitimate since the series are uniformly 
convergent as is seen by applying the M-test. 
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of the given functions. They are analogous to the repre- 
sentation of a fraction as a sum of partial fractions in 
Algebra. 

270. abe oe of Sec x, Csc x in Infinite Series.— 


Since csc «# = hate 5 + cot x, we have 


escz = 2> 
1 


dat (ee 
CSCL ea i + > 


nd? pe. pe oh, 
valid for « # +nr. 
The series for sec « may be found from this by using the 
‘ T , 
relation sec = csc G _ x) and making a few transforma- 
tions, giving the result 
(2n — 1)xr 


sec & = ale Lyre (lee Vin — a? 


2 


? 


valid for every x such that cos x ¥ 0. 
271. Bernoulli Numbers.—A remarkable set of numbers, 
called the Bernoulli numbers, may be obtained by the 


expansion of ge — | into a power series. 


1 
From the exponential series for e”, we get 
e = 1 

x 


=14+ 545454. 


By Art. 230 we may expand the reciprocal = > - “ea in powers 
of x, provided |x| < p, where p is such Aes 


\ 
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Dae ae oer oe 
ree ea 


which condition is satisfied if we take 


=l,orp= 


oul & 
Il 
— 
bo 


We may then write 
ae 
On| 

if {| < 1.2. Changing x into —z, we get 


as = 1 Ar t+ Am - Ag + Ag — 


= l-} Ai + Ag? Ag? + Agi. fo, 


Subtracting the first of these equations from the second, we 
find the identity 


t= —2Aizx ——- 2A 323 LS 2A 5x5 a ee 
from which we obtain, by Art. 177, 
A, = —%, As =0, A; = 0,A,=0,.. 


a 4 
Aloo — 0, eles, 
Then 
zr 


1 —e? 
Sime (l—e\(1t+5+ Aw tAat+ ... 
Se Age” + . VP 


=1lt get Amt + Aat+ Ag+... 


x x? 3 gen ginth 
ee as Gee oe 
LAB gape te CVE Sa ears er eee) 


These two factor series are convergent (absolutely), so 
we may multiply them, obtaining a new convergent series, 


240 THEORY OF INFINITE PROCESSES’ [§271 


in which all the coefficients, except that of x, must be zero. 
If we equate coefficients of odd powers of z, we find 


Je aes As 1 


Shi ake ee F Gn — 1)1 12@n)t 
ee: eZ 
+ Ones eae 
or 
Aon Aon—2 A» ae Qn — 1 
Onete ap © ee NIG, yl eee 


If we equate coefficients of even powers of zx, we find 


Aon Aon—2 A» 2n 


Op Miter hearer a ae t @n)l ~ Fn +2)! 

Now put 
(0) Am = (=D Bas 

(2) lee 
then we have 
x x 67 ce hg 

PSL ho) ee ae ee 
These coefficients B,, Bs, Bs, . . . are called Bernoulli’s 
numbers. They satisfy the relations (a) and (0). If we 
putn = 1,2,3, . . . , successively, in equation (a) or (6), 
we can calculate, one after the other, these numbers 
B,, Bo, Bs, . . .. We thus find for the first few the 
values: 


1 1 1 5 9 
By == By = = Bs = Buys aN pe ee ge 684 


6 30 Ag. 4 30 2? 266 ee ore, 
Bee Pah ene Ace _ 174611 
Br = @ Bs = 510’ Bo = “79g” Bio = 399 ete. 


The following formal method of obtaining the B,- is 
worthy of notice. Assume the development 
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x 
e= — 1 


A 
= 14 Aw + Start Stas 4 


Write the subscript in A; as an exponent, formally, then 
ADS Ata? ch Ase 
oe i, oto Bt 


Soe = e4%(er Pie 1) = e(AtDez a en 


x 
ew — I 


ro. . . = e4* formally), 


or 


eao+(Atie—ays+[atne—asee... 


Equating coefficients of like powers, we get 


(A +1)? —"A2=0,(A4+H*—A?=0,..., 
(Ale yt = At = Oy) oe 


from which 


2A1+1=0,342+ 34141 =0, 442+ 6A? 
HAA 4 = 0, Se 


or interpreting the exponents of A as subscripts, 


PEN). 8A, BA, 1 210, 4A pa 6Ay + 
4A,+1=0,.. 


from which-we solve for Ai, Az, A3, .. . : 
A, = —\4%, A. = 1, As = 0, As = —%0, . eae be 
272. Some Properties of the Bernoulli Numbers.—In the 
series for cot x in Art. 269, put y = 27x, then since 
COs] eC eee ee 
Fae ee eats 4a Se ae | Qa ‘ 
sin x Cane Che 


we get 


and from this 
16 
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1 =3(<45-1) Tes. re 22 
ems—1 2\e7—1 ~ 2 aT Dy ay doa? 


Now if [xl < 2m, each fraction in the series on the right can 
be expanded in powers of 2, giving 


2x Se eeruee fp-atim-.-- i 


ee Agee | Lia 4n?r* — 16n4xr4 


Substituting this in the preceding series, we obtain a double 
series which is absolutely convergent, since the series of 
absolute values may be obtained by expanding the conver- 
gent series 


Rearranging this double series according to powers of x, we 
get 


|W ence Bo pas bani ay Gee ae a (=I 
e—1l 2 SeplOles Se) 


z — | 
we find 
Saal _38nl1 45 1 
Bi =~, - a ioe Oi Bem or a a oh atl cays) 
and generally 
OBO Sel 
(a) B, = oa : a 
From the values of By, Bz, Bs . . . given before, we 


obtain 
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¢ iene hg Sela de ty 
ay la n® 945 <¥n8 9450" * 


If, instead of using the expansion for cot x as above, we 
had used the expansion of tan z of Art. 269, we should have 
obtained the formula 


2(2r)! 
(6) B. = Gaye — 2) p2 or Qn — 1)? 
This formula may also be derived from (a) as follows. If 


1 : 
we multiply the series Ss = pyle — a’ the effect is to de- 


prive the series of all terms whose denominators are multi- 
ples of 2. Hence, 


1\u 1) ¥< 1 
(1 — 55) Dae = ae DF 


Using this formula and the numerical values of the B,, we 
find 


= 1 row 
y Gr eT Re 2 tay 1)4 = 96 Dee Aye 


~ 960° 


Formula (a) shows that the Bernoulli numbers are all 
positive. It can be shown! that the B, increase steadily 
after B;, and that LB, = o. 


Since 


oh 


oO 
Y4-1 
peat 
eee 


1See for instance, CurysTa, ‘‘Algebra,’”’ vol. II, p. 364. 
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and 


2(2r)! 


B, = (27) Qr Se 


and 
te 
nl ~ em™nt3/2r, 
we may represent the approximate value of B, for large 
values of r by the formula 


mh a 
— = —2r 
B, = 462272 272 ; 


or 
log B, = 2 log 2+ 1% log w + 2r(log r — log e — ee) 
+ 4% logr. 
273. Development of Log sin x, Tan x, etc. in Power 
Series.—From the infinite product for sin x, we obtain 


sin x = Ge 
log - D lon ¢ = =) la] < x. 


I 


Since 


1 
= log (1 + mi) “aa ts aaty cet > ike ee 

we get the double series 
SID ar eg Lee serene 

ai 1 De BMG 
fy 1 x4 ilies 
nt 9 Qed + 3086 - - 

x? le) gags 1k ae 
an 37? z 2 34xt | 33876 
a Re ae 


if we sum by rows. Since the series is a positive séries, we 
may sum by columns, and get 


— log 


ok 


arenes 
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eee ee jal<r. 
Putting in the values of te from Art. 272, we find 


sin x 95 
Ie + Br 5 qt + Bs. 3.61% 


Di 
ere ae 


— log 


Bas 
Similarly we find 


| 2a? — 1 2474 — 1 
log cos x = 7 Oa sip 3 > Ona 


+2" 
= Sage Re 


< 1 
or using the values of oe aie from Art. 272, we find 
1 


— log cos 2 = (2? 1) 2, Bat +5 (24 — 1) "Box! 
+3 (2° — 1) 5 Bet + . 


xv 
and 


If we differentiate these power series for —log se 


—log cos x, we get 


27(22 — 1 24(24 — 1 
tan 2 = a Be + ae Boras 
26(28 — J 
Bet te. Sala ae 
and 
2 26 
cote => — 5, Bit qi Ber? — By Bar? — ) 
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274. The Power Series for Sec x. The Euler Numbers. 
Since sec x is an even function: sec (—x) = sec 2, we 
may assume its expansion in the form 


sec 2 = Ap + aye? + aot + azz? + . 
Multiply this series by 


a4 


cos x = 1 — (+3 Sp hyn ye 


1 


and equate coefficients of like powers of x on both sides of 
this result, and we find 


a = 1 ar+ 3 (- 1): a5 = 0 


Now put 
a, = ote 
DEBACLE 


then we have 
r—1 
() y (-v (Bi) Bas + (pr = 0. 
0 


The numbers £, are called Euler’s numbers. They 
may be found from the above relation; for r = 1, 2, 3, “3 
we have #, = 1, HE. — 6H, + 1=0, FE; — 15E, + 15H, — 
1=0, HE, — 28E; + 70H, — 28H, +1=0, etc., from 
which 


E, = 1, E,= 270 2765, 
Ea, E; = 19 936 0981, 
E;= 61, E, = 1 939 151 2145, 
E, = 1885, Ey = 240 487 967 5441, 
Big OBIT ey ie 


A remarkable property of these numbers is that they end 
alternately in 1 and 5. 
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The sec z series is then 


© 


seex=1+ )E 


1 


yen 
”* Qn)! 
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CHAPTER XIX 


DIRICHLET SERIES 


An 
275. Dirichlet Series.—A series of the form > nye? where 


n=1 


the a, are independent of x, is called an ordinary Dirichlet 


& 5 x P 
series. A more general form is >, ane n® where (rz) ts @ 
n=1 


real increasing divergent sequence; it 1s called a Dirichlet series 
foe} 
. are 
of type ,,; sometimes the form > ee ‘ts used. 
1 Te 


If \n = n, the series is a power series in e-*. If \, = 
log n, then the series becomes the ordinary Dirichlet 
series > One: 

The variable x may be real or complex, but we shall 
consider only real values. 

276. Region of Convergence.—An ordinary Dirichlet 
series may converge for all values of x, or for no values of 2, 
or may converge for some values and diverge for others. 


ae a) Mara hs: 
For example, the series — -— is convergent for every x 
onl n* : 


for by the ratio test, we have for every 2, 


i cei! Re! uh RES i ee 
mt hircemse a = Li Gea ee 


~.n!' 
on the other hand, the series > = is always divergent, for 
1 


248 
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by the ratio test, 


a! m+il_, ha Core Og 
nn (n+1)* 2zn+1 n? 
for every 1. 


Aside from these two extreme cases the region of con- 
vergence has the form given by the following 


=0 


fee) 
ee : 
Theorem.—If ys, — ts neither convergent everywhere nor 
n 
1 


nowhere, there exists a number a such that the series converges 
for x > a and diverges for x < a. 

This number a is called the convergence point! of the 
Dirichlet series. When the series converges for all values of 
x, we may write a = — «, and when it diverges for all 
valuesa = +0. 


fo} 


Suppose that >, = converges for x = 2 or oscillates 
1 


x 


(between finite bounds) for x = a. If we put 


See cas AP) 


n=1 
then for every p, 


|S(p)| <A (const.). ‘ 
Now if 7, s are any integers:s 2 r 2 1, and his any positive 


number, we have 


8 ' ran Bans ome 
ess (n) we 1) 


CT ts tlt i 


B= Ds 8G) 
= 5 50m Games a eae 


(applying Abel’s identity, Art. 41). Then 


1 Also called the abscissa of convergence. 
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8 
—\ dy 
Na niorh 


R=T 


(1 1 A y er. 
<A 4 oe PESTO TG Lys cre 


Now for arbitrarily small e > 0, we can choose ro so that 
for every s 2 r 2 To, we have 


8s 


an 
vs nrorh 


oat 


<e€ 


o 


. : An 
for every h. Hence, the series apr +; converges for all 
1 


eo 


é an 
values of h, that is, pas converges for every & > Xo. 
1 


We may now separate all real numbers into two classes: 


(1) those for which ie diverges, and (2) those for which 


> - converges. By the above proof, every number of the 


first class is < every number of the second class, and there 
are numbers in both classes. Therefore this cut defines a 


ae Be 
number a such that > oe diverges for  < a and converges 


nC) me ao 

Thus the interval of convergence of a real Dirichlet series 
is the part of the real axis to the right of some fixed point, the 
convergence-point. It may be shown that when z is com- 
plex, the region of convergence is the half-plane to the 
right of the line given by the real part of a. 

At the convergence-point x = a, the series may converge 


pe te lene 
or diverge. Thus, the series Di diverges for < I and 
1 


converges for « > 1, so that the series is divergent at the 
convergence-point « = 1; for this series is the hyperhar- 
monic series. The series 
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diverges for x < it for then 


S 1 Sole dui, 1 frdu 
pet CC AOR IME: Jo Ur lOe? Ui A0g? 8-Jo ia 07 


1 i! 
a ee es 1 2. 
log?s 1—«z is a 


and it converges for x 2 1, for then 
8 


1 : 1 1 > a 
thor are 
Ben < Saber <i * | aes 


pee 
pae 


1 1 1 it 
=? log? 2" Gan cig) iba see 


so that this series converges for x = 1, its convergence-point, 
The convergence-point « for the Dirichlet series > Ane~n? 


is given by the equation 


for proof of this result we must refer to Hardy and Riesz, 
“General Theory of Dirichlet’s Series,’ pp. 6-8. 

By applying the preceding results to the absolute value 
-n—*, we obtain the following proposition on the 


series Me la, 
absolute convergence of a Dirichlet series. 

Theorem.—for the Dirichlet serves ey Gn n—* there exists a 
number Xo such that the series is absolutely convergent for 
xz > x0 and is not absolutely convergent for x < xo. 

It follows that every Dirichlet series has a convergence- 
point or abscissa and an interval or half-plane of absolute 
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convergence. In general there will be an interval between 
the convergence-points of convergence and absolute con- 
vergence, although in special cases this interval may vanish 
or become infinite. 

277. Uniform Convergence of a Dirichlet Series.—The- 
orem. Jf a Dirichlet series 


ts convergent for x = Xo, then it 1s uniformly convergent for 
every © 2 Xo. 
For, if we put 


R(p) = y=» 
n=p 


then for every h > 0, and for every p 2 2, 


foe} 


Nae “ -> R(n) — at +1) 
Nn 


n=p n=p 
2 ; Rin)(< (n = pi) (p 7 1)* 


Since 3 ae is convergent, for arbitrarily small e > 0, we 


have for every n > no, IR(n)| = =) hence for p 2 no, 


3 att < 


| Bi GLEE Saas 


for all values of h > 0, so that » = is uniformly convergent 
1 


for every x = 2. 


* 
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From this theorem it follows that a Dirichlet series 
which converges for v» is continuous for every x > 2% and 
is continuous at x = Xo on the right, so that a Dirichlet 
series is continuous within its region of convergence. 

278. Differentiation of a Dirichlet Series.—Theorem. 


foo} 


Wj fa) = > oe has the convergence-point a, where a ts finite 
1 


or = — @, then f(x) ts differentiable for x > a and 
: » agli — a, log n 
AG ca PP oeree 


1 


Let xo be any value >a, then a is convergent. Now 


E ne 


the series a may be obtained from oe ~ by multi- 


se ;,; this factor decreases 


lo 
plying its terms by the factor 
with increasing n, and the limit as n — is 0, hence we may 
apply Art. 129, showing that the series >, a . is conver- 


gent for every x > x» and therefore ns every 2 >a. 
Considered as a Dirichlet series, it is uniformly convergent 
for every x > y > a (by Art. 275), and since the derivative of 

, ARG See —\ An lo 
f(x) found by term-by-term differentiation is — >, a 
1 


the function f(x) is differentiable for every x > a, and our 
theorem follows. 


oo} 


279. The Zeta Function.—The series >) (the hyper- 
1 


harmonic series) defines a function, for every x > 1, which 
ts called the Riemann Zeta function, denoted by (x). It is 
an important special case of Dirichlet series. 
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254 
The series > (—1)**'- = can be easily expressed in terms 
1 
of the Zeta function. We have 
2 2 1 1 a 
Gs )1e = (t-s)0 te te tee 
1 1 1 1 1 
Lh peng asso ca eae 
ae _2 ere 
Qt 4x 62 
1 1 1 1 1 
ely ab. ay be te ene pace 


ey (-yes = (1 — 2") ¢(2). 
1 


280. Multiplication of Dirichlet Series—Let >) ane" 
and > bne~*"” be any two general Dirichlet series, and let 
(vp) be the increasing sequence formed by all values of 


Am + wn. Then if we put 


Am+ Bn =P p 


the series > os is called the Dirichlet product of the two 


series o8 lens > bn of type (A, u). 
If \,, = log m, un = log n, so that we are dealing with 
ordinary Dirichlet series, then vp = log p, and we have 


Cp = > Onbn = Qady/a 
d 


mn=p 


where the latter summation extends over all divisors d of p. 
For Dirichlet multiplication of series there are theorems 


corresponding to those on Cauchy multiplication. 
1See Harpy and Riesz, “General Theory of Dirichlet Series.” 
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Dirichlet series have very important applications in the 
Analytical Theory of Numbers. 
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CHAPTER XX 
INFINITE INTEGRALS 


When the range of integration of a definite integral is 
infinite, or when the integrand becomes infinite at some 
point of the range, the integral is called an infinite integral. 
We treat these two cases separately. 


RANGE OF INTEGRATION INFINITE 


281. Infinite Integral—tLet f(x) be a function which is 
single-valued, finite and continuous for x 2 a, or discon- 
tinuous only at a finite number of points and integrable in 
this interval. 


We define the infinite integral iE ‘ f(x)dzx as equal to the 


limit L ip : f(x)dx when this limit exists, and we call the integral 


convergent. 
Similarly we define 
fi f@az = L [- saz, 
+ co a ol 
fo: f(e)de = L Ni , fade +L fe f(x)dz, 


#f the limits exist. In the latter case, if the limits do not 
exist separately, it may be possible that the limit 


L {fade 

exists; we then call this limit the principal value of the 
integral. 

256 


7 


ve / 
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Examples.—(1) ie @ arf ®-1(1-})=1. 
: a 
2 = = sae 
® fits Lf 5- L(tan-* «) 2 
eee 


= o, (integral diverges). 


282. General Condition for Convergence.—The necessary 
and sufficient condition for the convergence of Ip = f(a)dx ts 


that, for any arbitrarily small « > 0, we can find a value X 
such that 


[fo sea] <e 


for every x!’ = x! = X. 
This follows from the general principle of convergence 
of Art. 26. 


283. Absolute Convergence.—The integral Ale f(a)dx will 


converge if the integral if ‘ | f(a) |dx converges, since 


fC S@ax| < fl [sco] ae. 


The integral als fc f(x)dx is said to be absolutely convergent 


when ib ; If(x)|dx converges; otherwise it is called condi- 


tionally convergent. 
284. Tests for Convergence.—lIf f(x) is positive, the 


integral ip i f(x)dx evidently increases as 2 increases, 
hence by the principle of Art. 28, we have the general test: 
Theorem.—/f { * f(a)dxe <A for every x, where A is 


independent of x, the integral 1s convergent. 
From this we obtain at once the comparison test for 


convergence: 
17 


” 
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Theorem.—If |f(x)| < g(x) > 0, and if ” g(a)dxz is con- 
vergent, then if, fs f(x)dx converges absolutely. 
For 


f- [f(a)|dx < fe g(x)dxz < fie g(a)dx = A 


Theorem.—/f x*|f(x)| < A (constant) for every x, (k > 1), 
then f : J(x)dx converges absolutely. 


A ie 
For we have | f(x)| < ae and of. a is convergent when 


Wat: 
285. Uniform Convergence.—The integral dp * f(a,a)dx 


ts said to converge uniformly with respect to a in an interval 
(b, c) if, corresponding to an arbitrarily small e > 0, a 
number X exists such that 


[fc Tiss a)da| <e 


for every x > X and for all values of a in (b, c). 
This may be expressed in the form 


{C 1, a) da| <e 


for every 2’ > x’ > X and for every a in (8, c). 

On the basis of this definition of uniform convergence, 
the continuity, integration and differentiation of an infinite 
integral may be discussed in a manner similar to that for 
series. 


INTEGRAND INFINITE 


286. Improper Integrals: —If f(x)— © when «— b, 
we CITE: the integral Ai f(x)dax by the limit 
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b—6 


L S(x)dx. 


60 Ja 


Similarly, when f(x) — © when x — a, we define 


» fr b 
if seas = Lf sear: 


and when f(x) — oo when r—c, where a<c<b, we 
define 


b c—5 b 
HE Pore fe ede eT ik Ha)de, 
a 6-0 /a 6/0 JYc+6’ 


or if these limits do not exist separately, by 


b c—s 
fiw 1B if f(x)dx + " ade ; 
a 60 | Ya c+é6 


which is called the principal value of ip : f(x)dx. 


These infinite integrals are sometimes called improper 
integrals. 

The properties of these integrals may be developed in a 
manner similar to the treatment of the case when the range 
of integration is infinite. 
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CHAPTER XXI 
FOURIER SERIES 


287. Trigonometric Series.—A series of the type 


yoao + »2 (an cos nx + bn sin nz), 
n=1 
where the Gn, bn are independent of x, is called a trigonometric 
series. 
If we assume the possibility of expanding any arbitrary 
function f(x) in a series of this form, and that it may be 
integrated term by term, we may readily find the coeffi- 
cients @,, 6». Putting 


(a) f(x) = Wao + yy (an cos nv + bp sin nz), 
1 


and integrating both sides between the limits —z and +7, 


we find 

Wiesck = eat dx = 7Qo, 
or : ; 
(b) te : Fico 


since by the Calculus, 


if cos madx = 0, aft sin madx =0, ifm # 0. 


Now multiply both sides of the equation (a) by cos ma and 
by sin mz, and integrate term by term, and use the results 
(from the Calculus): 

260 
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is cos mx cos nadx = | O(m # n), 


© (7(m =n #0), 
ee . 'O(m # n), 
Jf sin me sin nade = en eeergy: 
f sin mx cos nxdx = 0. 
We find 
1 = 1 
(6), == f(x) cos nadz, b, =— 
Tyee age 
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oa (x) sin nada. 


A trigonometric series whose coefficients are given by 


relations (b), (c) is often called a Fourier series. 


The preceding calculation is merely formal, on account of 


the assumptions made. 


288. Fourier’s Theorem.—Let us take the sum of the 


first m + 1 terms of the Fourier series 


f(a) = lanot+ > (an cos nz + b, sin nz), 
1 


then using the values of a, and 6, from equations (b) and 


(c) of Art. 287, we have, after simplifying, 


ie : f(a) + cos (a —*x) + cos 2(a — 2) 


+... + cos m(a — 2)Jda. 
By a trigonometric formula, 
IM OR eA 
sin 9 0 
to cos 6 + cos 20 + . . . + cos me, =—_—__, 
2 sin = 


so that 


sin (a — 2) 
1. 2 
es =f ay ae 
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To determine the convergence of the Fourier series, we must 
find the limit of Sn,1 as m— ©. To do this requires a 
somewhat lengthy and difficult discussion, into which we 
shall not enter; certain conditions, called Dirichlet’s condi- 
tions, are imposed upon f(x), and the final result of the dis- 
cussion, for which we must refer to other works,! may be 
stated in the following proposition, called Fourier’s theorem : 

Theorem.—LEvery function which is defined in the interval 
(—7, 7) and which satisfies Dirichlet’s conditions in that 
interval may be represented by a Fourter’s series in that 
interval. 

The further discussion of Fourier series is beyond the 
scope of this work. 


REFERENCES 


Goursat, E., ‘‘Course of Mathematical Analysis,” arts. 195-198. 

WHITTAKER and Watson, “Modern Analysis,” chap. IX. 

Carsuaw, ‘‘Fourier’s Series and Fourier’s Integrals,’ chap. V. 

Hoszson, ‘Theory of Functions of a Real Variable,” chap. VII. 

Prerpvont, ‘Theory of Functions of Real Variables,’’ vol. II, chap. 
XIII. 

Byrriy, W. E., “Fourier’s Series and Spherical, Cylindrical and 
Ellipsoidal Harmonics.” 

LesesauE, H., ‘‘Legons sur les Séries Trigonométriques.” 

Knopp, ‘‘Unendliche Reihen,”’ chap. XI. 


1See for example, Goursat’s “Mathematical Analysis,” vol. I, 
arts. 195-197. 


CHAPTER XXII 


ASYMPTOTIC SERIES AND SUMMABLE SERIES 


ASYMPTOTIC SERIES 
289. Asymptotic Series.—A divergent series of the form 


eon mee poe 
z z 


Ay + 41 + 


is said to be an asymptotic representation of a function f(z) 
for a given range of values of amplitude z, if we have 


L a(f(z) — Sn(@)] = 0 (n fired), 


lq 


where Sn(Z) is the sum of the first (n + 1) terms of the series. 
We can express this: 


lz"[f(@) — S,(2)]| < « 


for |z| sufficiently large, however small « > 0. 
We indicate that the series is the asymptotic expansion 
of f(z) by the notation 


fa~r >) Aer. 
n=0 


290. Example of Asymptotic Expansion.—If we integrate 
f(z) = f “tle=tdt by parts repeatedly, we find 


1 2! ee a Wi 


a ae x” 


~ 6k at 
fey rent f ae 
a) 


fla) = + - 
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If we put 
1 1 2A 
Sn(x) . x Fs he 


n! 
=z n 
oF ee 


. wh el hore 


the series obtained by making n — o is divergent, as shown 
by the ratio test. Let n be fixed for the moment. We have 
oO ox—t 
f@) — Sa) = (“rhea nt fS 
x 


and since in this integral t > x, e?-* < 1, we have 


[f(@) — Sn(@)| = (n + ee <(n $1) ye ee 
; n} 
es 


Now for n fixed, we can find x so large that 
xlf(x) — S,(2)| < « 


however small e, so that the series is an asymptotic represen- 
tation of f(z). Hence, the value of the function f(x) can be 
calculated with great accuracy for large values of x by taking 
the sum of a suitable number of terms of the series. 

291. Uniqueness of an Asymptotic Expansion.—If 


foo} 


> a,¢-" is the asymptotic representation of f(x), we must 
n=0 


have, for every n, 


oe lic) = >» aa = 0); 
“3 7=0 
hence the coefficients a; may be determined by the equations 
Lf (zx) = Qo, 
Lal f(x) — ao] = a, 


Lx*[f(n) — a — 2) = a, 
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If we apply these equations to the function f(z) = 2, 
we find 

do = Le~* = 0, a, = Lae-* = 0, ag = Lae? = 0, ete., 
so that the asymptotic expansion of e-* consists of a series 
all of whose coefficients are zero. 


It follows that if f(x) possesses an asymptotic expansion, 
all functions f(x) + Ce-*, where C is an arbitrary constant, 
also have the same asymptotic representation. 

That is, a given series may represent asymptotically 
more than one function. But a given function cannot be 
represented by more than one distinct asymptotic expan- 
sion over the whole of a given range. 

292. Multiplication of Asymptotic Series.—Let 


GO Ant *, 6@) ~4>, Bat, 
0 0 


and let S,(x), T,(2) be the sums of their first (7 + 1) terms. 
Then 


La{f(a) — Sa(2)] = 0, Lar[p(2) — Ta(2)] = 0, 


or 
f(x) — Sn(x) = o(@), o(@) — Tr() = o(@™). 
Put Gs = AoBm -- A, Bn-1 4- eee ee 4- AmBo, then 
S,fe)-Tn(2) = >, Cna-™ + ofa), 
m=0 
Now 


f(x) - d(x) = [Sn(x) + 0o(2™)] - [Tn (x) + o(@™)] 
SOL rad wih) a= OL") 


= s Cries Oe”) \ 
0 
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Hence, 
fla) -o(2) ~ >) Cna-™, 
0 
293. Integration of Asymptotic Series—An asymptotic 
series may be integrated term by term, giving an asymptotic 
series which ts the representation of the integral of the function 


represented by the ortginal serves. 
For, if 


fa) ~ > Anz, 
m=2 
and 
Sia) =>) Ante 
m=2 
then for any arbitrarily small « > 0, we can find xo so that 


If(x) — Sn(x)| < efal, a > ao, 


hence 

UA flx)dx — if S,(x)da| < ye [f(z) — Sa(x)|dx 

€ 
<G@— Det 
Since 
:: Ag As An 

i S,(n)da = os nese ea aang Dee 

we have 


f[ sow~ > Ceara 


m=2 
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SUMMABLE SERIES 


294. Simple Indeterminacy.—Let > a, be any given 
series, and put 


Sn = Qo + Gr+ det. .-: +d, = >) as, 
0 
PROT POLS ed wie iacniom: 
oie n+1 


It may happen that Lo, may exist even when LS, does not, 


1.e., when > ad, is not convergent. When Lo, exists with a 


finite value S, we say the series > a, is simply indeterminate 
and that S 1s its Sum. 

Example.—For the oscillating series 1 -1-+1—1+4 
1—1+ ...,wehave 


eles Or bt O'S  ton t T)y terms 
eee n+1 
i ie 
ie ap eee 


according as 7 is odd or even, so that Lo, = 14, and the 
series is simply indeterminate with Sum 14. 


295. Theorem.—If > Gn ts convergent with sum S, rt is 


also simply indeterminate with Sum S. 
For if S = LS,, then by Art. 39 we have 


1 2 
Ly So + 81 + AA Gt Sy) se 9, 


so that > a» is simply indeterminate with Sum S. 

296. Theorem.—A properly divergent series cannot be 
simply indeterminate with finite Sum. 

If S, > +0, then 


Sa > G,n 2 p, 
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where G is arbitrarily large. Writing 


So Sots ee ase + Sp 4 Soir + Soto + sete t+ Sn 
nd ae n+l1 n+1 
we have 
SotSit ..... +8, a Pp / 
FES eet er 
DENUT cieeey Hie oreo N—P io 
n+1 n+l” 


Ifn 2 4p + 1, 


hence o, — + as n—o, and our theorem follows. 

297. Cesaro’s Theorem on the Multiplication of Con- 
vergent Series.—The product of two convergent series, 
formed according to Cauchy’s rule, is a series which is etther 
convergent or simply indeterminate, and the sum or Sum is 
equal to the product of the sums of the factor series. 


foo} 


Let > is > v, be the given convergent series, and put 
0 0 


Wn = Un + Uivn-1 + . . . + Undo, 


and 


n n n 
Ul == DS Ui, Ne = vi, Wr a » Wi. 
Q 0 0 


Then we find 


Wri= UVa sh UiVinwd +. aoe UnVo, 
(a) Wo + Wi, ale itt SP te ate Wa m5 UV n =< Cay + 
oy ee Vig 


Now by Art. 40, 
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: ; : 
\ 4 L rae (UoVn -- Cavs aa Br fier tc —- UnVo) = OLVe 


since U,— U, V, > V. Hence, by (a), 
| 1 


eames 


Wig ao Be rat Wa) UY 


and >; W, is simply indeterminate with Sum UV. 
0 


298. Theorem.—A necessary condition that the series > Or 


; , : feet 
be simply indeterminate is L ae 0. 


For if 
zy Sot Si + bt Se as WoL 
n+1 


we may write 
eto weiat lta = eS Rea Pl) on, 
where 6, ~0asn— o. Then 
Sot Sit... + Sr-1 = nS + n64-1. 
Subtracting, 


Sr == S + (n + 1)6, >a Nona, 
On t= Sn — Sani (0 +4) bn — QZnbn1 E- — FB) 6,2, 


or 


fe G ai *) AS any ee (1 = ) Sie: 


Nn 


Since 6, ~ 0 asn— ©, we get 


Gn 
nN 


=f). 


299. Cesaro Summability —Let > a, be any given series. 
0 
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Put 
Sn = > 4, 
1=0 
k+tn-it-1 
(k) 
Sn > n—7t )s. 
Pa ties k+n\ _ (k+1)(K+2)... (k + n) 
i £ n % nl 
S,® 
Cc, =4,6 


If LC, exists with a finite value S, we say that the series 


> a, 7s Summable (C, k) and that S is its Sum. 


Summability (C, 0) is convergeney; summability (C, 1) is 
simple indeterminacy. . 
300. Theorem.—/f > a, 7s summable (C, k), tt zs also 


summable (C, k + 1) with the same Sum. 
If we multiply the series >, S,x" by the series for (1 — x)=, 
0 


the coefficient of x” in the product series will be found to 
be S,, so that 


S S,”2" = (1 — 2D Siar 
0 0 


Similarly we find 


Ds0" = (1 — 2)". > Ant 
0 0 


1 The theory of this method of summation can be developed from 
this definition for any value of k, but we shall consider only positive 
integral values, 
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hence 
S,a =(1— x) &tD Ont”. 
3 : 
Also 
> An Pa" = (1 — 2)-@+0, 


0 


These series all converge absolutely for |x| <n bea >. An is 
summable(C,k). For, by the last equation, > A," con- 
0 


verges absolutely for |x| < 1; and if LC, exists, we have 


lc,| < some constant K, 


or 
Is,| << K-A,™, 


so that > S,2x" converges absolutely when |z| < 1. 
0 


Expanding the identity 
(1 — EAD ax (1 — g)-). (1 — 4)—*, 


and comparing coefficients of 2", we obtain 
n 
A,© = > Ae. 
0 
Also 


Dee = (1 — x)-@+) >, ane” 
— 7 


oOo 


= (1 —2)-M1 — 2) 4 Dae > P > S, a: 
0 0 


0 


from this we find 


\ 
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n 


St) = pe S,®, 


0 


Then we have 


SS,” = S, Gt) se Spt, 
A,” ES A, 4+» = Ant: 


Applying the Cauchy-Stolz theorem (Art. 38), we get 


[nO 2 7, Sa 
n A, er) n A,” 


which proves our theorem. 
Since convergency is summability (C, 0), we see from this 
result that: 


If ~~ Gn 1s convergent with sum S, it is also summable ~ 
(C, k) with the Sum S, for any integral value of k.} 
301. Theorem.—If >) a, is summable (C, k) with Sum S, 
0 i) 


then 


. x1 


L 3 Ce? =. 
0 


By a limit theorem due to Cesaro: ? 


~ Onan > b:, 
0 0 


provided the latter limit exists, pS c, being a series of posi- 
tive terms. 


1It can be easily shown that a properly divergent series cannot be 
summable (C, &) with finite sum. 
2See Bromwicu, “Infinite Series,” art. 51. 
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Now 


foo} 


DS, 0a" fie BE Ya, b 

0 ae, 0 et 
agent = San 
Sata 

0 


Hence, by the above theorem, we have 


© n 
YSOr 380 
19 anes rr ea ae 
> Cg ae he 
A,®an A® 
0 0 


provided >, Gn is summable (C, k). 


This result is a generalization of Abel’s theorem (Art. 
171). The special case where k = 1 (simple indeterminacy) 
is called Frobenius’ theorem. 


302. Cesaro’s Multiplication Theorem.—If Ds: Un 18 


nr 


summable (C, r) with Sum U, and >, V, 1s summable (C, s) 


with Sum V, then the Cauchy product series > en as summable 


(C,r+s + 1) with Sum UV. 
The proof of this theorem is too long to give here.! 
303. Borel Summability.—The series we Gn ts said to be 


summable (B) with Sum S (by Borel’s method) «f the integral 


f.e*U (ade 


fos) 


converges with the value S, where U(x) = de = ; 
0 Ns 
Examples.—(1) For the seriles1 —1+1—1+..., 


we have 


1See Bromwicu, “Infinite Series,” art. 106. 
18 
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Toe git. a: 
SAC ease Mire pus Naxks yeaa ie 
Pfs e*U(a)dx = f edz = VW. 
(2) For the series 1 -t+#2—t#?+ .. . (> 1), we 
have 
t2x2 tey3 
U@) =1-«@+57--3, + ge 
Pere te = ie aate = ies 
a 0 0 1+¢ 
(3) For the series 1—2+3—4+5-—...., 
u? x? 
pO) Sib 20 Oe ser aa Re Sie oe = e*(1 — 2), 


“of e-*U (x) dx = af e(1—a)dr=W-Ww=h%. 
0 0 


304. Theorem.—A convergent series 1s summable (B) 
with Sum equal to the sum. 
For if De a, is convergent with sum S, 


lanl '<ie, we = mM. 


Now 
Som |< S Jan] 5 + > lanl 
< Seu te ys 
le?U(a)| < ais te (35 = > i) 
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By Art. 59, if m be kept fixed, 


Le~ »S. lan| oF = Q), 
. ! 


as ee 
Le > n! 
hence 
GeO en = 0: 


Since pane is convergent with sum S, we may write 
De bo hs; al <1, 0-2 m1. 


Then 
Oe Se eS pa 
e-*S(x) =e ean e Ren - 
© m—1 © 
x” < x” Zs x” 
e DFain| $6 > | = + = [Rel 
m—1 feo} 
—2 x" Ee as 
<e . Ry alae Dn 
m—1 xn 
ace Ieee, eae 
But by Art. 59, we have 
m—1 
2 et ee 
Le D [Fe = = 
hence 
Le*S(x) = §. 


Now put S(xz) = > 8 ~ Sn = Sas then 


gnri we” 
Lie = YS: ERT = F815 


276 THEORY OF INFINITE PROCESSES [§305 
aie S(x) -f S(a)dxz = So + pas (Sn — Ss29) at 


Oe An a = U(x). 
Differentiating, 
S'(z) — S(z) = U'(z), 
“. e-*[ S’(x) — S(x)] = e-2[U'(xz) — U(a\] + e-*U (2). 
Now e7?[S’(x) — S(x)] is the derivative of e~*S(x) and 


e~*[U'(x) — U(z)] is the derivative of e~*U(z), hence inte- 
grating, we have 


e*S(az) = e-*U(z) + Jf Uae. 
0 


But we have already shown that 


Le-*8(x) = S, Le-*U(zx) = 0, 


if e-*U(a)dz = 8, 
0 


and our theorem is proved. 
It can be shown that a properly divergent series cannot be 
summable (B) with finite Sum. 


305. Absolute Summability (B)—The series yan is 
called absolutely summable (B) 2f the integrals 


i e-*U(a)dx ana [i e-*U® (x) da 
0 0 


are all absolutely convergent, where k denotes any index of 
differentiation. 


It has been proved by Borel that if two series ~ Un and 


hence 


> are absolutely summable (B), then the product series 


> wn is also absolutely swmmable (B), and the relation 
between their Sums is UV = W. 


4 


1 
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306. Uniform Summability.—Jf the terms of the given 
series are functions of a variable a, we call the series uniformly 
summable (B) with respect to a if the integral 


f e "U(x, a)dx 
10) 


converges uniformly with respect to a. 

By means of this concept of uniform summability we may 
discuss continuity, differentiation and integration in a 
manner similar to that for uniform convergence. 

Frobenius’ theorem may be extended to this method of 
summation. 

The applications of Borel’s method to the study of power 
series are of the greatest importance. It is found that 
power series are summable (B) in a so-called polygon of 
summability, which in general extends beyond the circle of 
convergence. 

307. The Problem of Non-convergent Series.—It will be 
seen from the diseussions of this chapter that the definitions 
of asymptotic series and summability give methods for 
assigning a meaning to non-convergent series. The prob- 
lem is to find some methods of associating by a definite law 
with each non-convergent series, of as extended a class as 
possible, a definite number, called the Sum of the series, 
which can be used as a substitute for the series in the usual 
calculations with series, and which will obey the same laws 
as do convergent series, at least as far as possible. In this 
chapter we have discussed very briefly only a few of the 
many definitions of summability which have been proposed. 
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CHAPTER XXIII 
INFINITE CONTINUED FRACTIONS 


308. Finite Continued Fraction—An expression of the 
form 


bo + 


O1P 
be + 


Qn-1 


Ona + 


is called a finite continued fraction. It may be denoted 
more compactly by 


al a} Onl, 
b+a ta, hee tage 


other forms of notation sometimes used are 


AS ane ta loo ne Deaton 
bo + bi + & He) nt atl Be? 
or 
b ay a2 An 
Pret pie ba 
or 
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or 
nies ka ee 
[> a a 2 oF [b. T 5 1 
The a;, b; are called the elements of the continued 
fraction, bo isthe first term, and a;, b; are the 7** partial 
numerator and partial denominator. 
If in the continued fraction of the n order, 
ail , asl 


K, = 6 Niel i sd 2 
Nee; eee 8 


we take successively n = 0, 1,2, . . . , we find 


Ko — bo = = 
Ki =b +7 = " at a, 
ai 2 bobibe + aibe + boda 
ae = bibs + ae 
2 


Ke =bo + 


etc., 


so that it is evident that K, can be expressed as an ordinary 
ep : 
fraction B. where A, and B, are functions of the a; and b; 
Pp 


é A 
(up toz = p). These fractions 2B. are called the conver- 


Pp 
gents of the continued fraction K,, and the n convergent 


= is equal to the continued fraction K,, itself. 
309. Infinite Continued Fraction.—Let (a,) and (b,) be 
any two infinite sequences. Form the continued fraction 


of the n order 
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Aye: a 
whose n* convergent 1s 3 If we now let n — ©, we obtain 


n 


an infinite continued fraction 


| 


all 


|b 


iS 


ib, >! Gowen 


Senses rape cme ares 


which may also be written 
a; o 
k= fate 
bo + a Pe 
and we have an infinite sequence of convergents 


Bo Aa Ae An, 
Reo Bie Baa ge 


The continued fraction K is called convergent, divergent 
(properly or improperly), or oscillating, according as the 
sequence of convergents 


is convergent, divergent (properly or improperly), or oscillating. 
Thus, the continued fraction is convergent if 


Ane 
initars 
exists with a finite value K, and K is called the value of 
the continued fraction. 


The continued fraction is divergent if 


i = 0; 
it is properly divergent if this limit is + 0 or — ©, other- 
wise improperly divergent. 
The continued fraction is oscillating if = has no limit, 
finite or infinite, 
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310. Recursion Formulae.—Since 


A; a a as} a, 
we have 
Ane Phy 
‘Bs Saas 
i Ao == bo, Bo ibe 
A, vs al a1 + 1 
Bae bs pe by 


we obtain As from = as by replacing 6; by bi i 5,’ hence 
2 


B By 
a2 
A pS bo( 2 7, ue a (bob1 + ai)a2 + bode, 
By a2 = bibs a7 a2 
by Bb 


¥ A» = (bob aR @;)A2+ bode, Bz = bibe + Qa, 
or 
Ag = beAr + a2Ao, By = b2B, + a2Bo. 


Generally we have the recursion formulae: 


( ) : Ae = brAn—1 a OnA n—2; 
p B,, Pa Dy Daas SF AnBn—2 


These may be easily proved by induction. 
An important property of any two consecutive conver- 
gents is 


(b) ALY = IN os) Be => (—1)"—1ad2 Re Be oe Oh 
For, by (a), 


Aeon aFe AnBn4t a (OniiAn ats Otani en 
ce An(dn4iBn ae On+1B2—1) 
—(A,B,-1 nee Ant Ba)Oned 


i 
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Then if we assume (6) to hold for n,.we have 
AniiBn = AnBnai = (—1)" "Gia, . . . An * Anti; 


which is the same form as (b) except that it has everywhere 
n + 1 in place of n in the former; we have also 


A,Bo = ApoB, = (bobi + a1) = bob = Qa, = (—1)°a; 


it follows by induction that formula (b) holds for every n. 
From (6) we get 


Q105 Fe Sen 


(<) Be ar Baas a , fs eae B, 


We have also 


AnBr=2 c¥ AnneD x = (brAn—1 + AnAn—2) Bae 
SO ak pe ee 
=o OA «ees = A,B, 1); 


a teh cd Bye = Aes = (—1)"~b, iio sis shay by (b). 
. A, fix Ares a. =: 7, Ondids as oe Gx 
(d) “Spe Bl. TO eee 
311. Equivalent Series.—A series ye and a continued 
fraction bo + fh + +...+ - +... are said to 
be equivalent when 
Coctc1 Ar es Se Spo Sige eh el eee 
ld. * [bz 
a, A, 
bari Ib, RS 


for every n. 
Using (c) of Art. 310, we find 


uot +(3- ae (F -#)+. 


\ 
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cay, i a;Qa2 10203 oh! 
o+ Bu BBs t BB, 
Gide ee 0. 
+ —] Li omer pt Stel A Bites eR 
aPiZ Bae 
The infinite series 
ay 1Q2 OO v te Pe Se 
b — thy nae =) 
URE hae 2 4 Bay 
fos 


is then the equivalent series of the infinite continued fraction 


An| 


a al as| 
-- 
lon 


bo + RA oto aaar 


Both series and continued fraction converge and diverge 
simultaneously. 


A given infinite series yay may be converted into an 
0 
equivalent continued fraction as follows: If S, is the sum 
of the first » + 1 terms of Des S, = > ¢, then for the 
0 


series to be equivalent to the continued fraction 


aul 


Ibn 


a,| 


lb: eHed iw, 


Beek cas 


af [B: 


bo + 
we must have: for every n, 
in An 


Using the formulae (a) of Art. 310, we get 


0) S, = bob1 + @:, 1 = b,, 
| = 2, 3,4 Sieerey Fs 
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Solving for bn, dn, we find 


bo = So, a, = S; — So, 6; = 1, 


tee Sa-1 cs Sn 
erate th oo ee ee 
bn i Spat 2 Sear | 


But So = Co, S = So = Cis and Sela —s Sa = —Cnr, Sead — 
Sx-2 = Cn—1) Aes —- Sr—2 PS Gratalag + Cn, hence 
bo = Co; by = Ls a) = Ci; 


Cn 
a, = 5] 
Cn-1 
Cn 
b, = 14+ 
Cn—1 
We have then the following 
Theorem.—The infinite series co te: tee+ ©. . + 
Cn + .. . ts equivalent to the infinite continued fraction 
ae ies | 
c c C2 Ca 
at ee ea :. 
hae h+2 ht + : 
Cy C2 Cn—-1 
Po 


312. Equivalent Product.—An infinite product lla + Un) 
0 


and an infinite continued fraction 


ail, al Gal 
pM RM PU MET TSS 
are said to be equivalent when 
(1 + wo)(1 + ws)(1 + us) . . . (L+4u,) =P, 
a| an| A 
= 6 —— Beers = 
antta Ib: st ip ie os 


for every n. 
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To convert this product into its equivalent continued 
fraction, we may use the formulae of Art. 311, putting P, in 
place of S,; we then have 


bo = Po = (1 + wu), 
a, =P — Ps = (1 + uo), 6: = 1, 


oan pa = dea Weare) eras | pee: 
be = pt + (1+ a): |“ 
ts eee — P, 2 es Un-1 


Hence we have the 


Theorem.—The product IIa + un) ts equivalent to the 


0 
continued fraction 
G22 U2) UA] a2 | a3 | 
1 es = 
om aay 1 Jl + ae J1 + as 
7 Wl eal 
ieee Raye 
where 


= (1 ae Unt) ee ‘ 
Un—-1 


The product and continued fraction converge or diverge — 
simultaneously. 

313. Theorem.—/f the series > b, ts absolutely convergent, 
the continued fraction 

1| 
|b. 


is improperly divergent or oscillating. 
If m is any fixed value, then for n > m, we have 


pop tGe-s)+G2- ) 


ieee (3 - a) 


oe a 


+ — 
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ae mo 
re Peas ee Anon 
m+1 1 
es (+3) Bint Bm+e 23 
+(- top a _h. (by Art. 310). 


In order that the continued fraction be convergent, it is 
necessary that this equivalent series be convergent, and a 
necessary condition for the convergence of this series is that 
its n” term approach 0 as n — 00, or that 


(a) L|B,iB,| = %. 


Now it can be easily shown that 


Bal < Ta +b < Ha +b, 


t=1 
since the infinite product converges because of the conver- 
gence of the series > |b, (Art. 250). But this result shows 


that (a) cannot be satisfied, hence the continued fraction 
cannot be convergent. That the continued fraction cannot 
be properly divergent, may be shown indirectly. If the 
continued fraction were properly divergent, we should have 


n B, : . 
is = 0 or L7= 0, and the continued fraction - Sia 
]| 


[bs + .. . would converge to 0, which is not possible, 
since > b, is absolutely convergent. 
314. Theorem.—The continued fraction [bo at aap diver- 


ges improperly when each of the series 


foe) foe) 
ay Q13@3 . . .Qon—1 b > AeA4 . . .Qon Don4t 
Spe ee ° 


1 QeQq4 . . . Aan 0 Q1Q3,. . . oni Qen+1 


converges absolutely. 
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It can be shown without much difficulty, by use of Art. 
310, (a), that the two continued fractions 


(a) oa ve Scans hate 
| lbn 
and 
ciai| | C1€2a| Cn—1CnAn 
(b) bp oe la oe he thea Af ee a at 
where ci, C2, . . . , Cn, . . . are arbitrary numbers =~ 0, 


are equivalent, that is, that their n convergents are equal, 
for every n. 

Now choose the c’s so that 
Ci0y = '1, crCxd2 = 1, C2030, = 1, . . . 5 Ce—1Cnn = 1, 2. , 
then solving for the c’s, we have 


OAD a » 1a -Ayg—t G04. > «Aas 
qj = —- Co = BA PRS 
ay GO e wiv. (AEt Og nn = One 
i Te 2 os 
Then the continued fraction (b) becomes 
1 | 1 | 1 | Ae 
b eet : 
(c) oy lerb1 | [code | Jesbs a a3 lenOn cy 


Now apply the theorem of Art. 313 to this continued frac- 
tion, and our theorem follows. 

315. Continued Fractions with Positive Elements.— 
Theorem. A continued fraction whose elements are all posi- 
tive must be either convergent or oscillating. 

For, from Art. 310, it follows that the odd convergents 
always increase, and the even convergents always decrease, 
while any even convergent is greater than any following odd 
convergent. Hence, in this case the even convergents tend 
to a limit, and so ald with the odd convergents, so that 

Aon 
wits 
a = B, the continued fraction is convergent, and if a > 8, 
the continued fraction oscillates. 


=a say, and ig =f say, where a2 B. If 
Qn 


288 THEORY OF INFINITE PROCESSES [§316 


316. Theorem.—If the elements of. the continued fraction 


rane 


bt oe oe 


lb: [be 
are all positive, the necessary and sufficient condition for the 
convergence of the continued fraction is that the series Sor 
diverge. 
The necessity of the condition has been shown in Art. 
313. Since every B, > 0, we have B, = b,Br-1 + Bre > 
B,-2. The series equivalent to the continued fraction, 


aris el 1 1 1 ; 
hte. B., kbe Ree 


+ (=) 


1 
B,-Bn 


epee 


is an alternating series and the absolute values of its terms 
are decreasing, so that the alternating series test (Art. 81) 
can be applied if we can show that the n term approaches 
0, or 

LBB, Soy 


From the recursion formulae of Art. 310 we can easily show 
that 


Bon > br(be + ba + be + . . . + dan), 
Boys Or + bs be a. 2 Sota eaaeas 


Nowif >; diverges, at least one of the increasing sequences 
Bi, Bongi Must — ©, so that DB,AB, = o> and the 


n 
equivalent series is convergent, and hence the continued 
fraction is convergent. Thus the condition is sufficient. ! 
317. Regular Continued Fractions.—A continued frac- 
tion is called regular (or simple) when all the partial numer- 


1 Numerous other tests of convergence for continued fractions have 
been found, but we shall not be able to treat them here, 
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ators a; are equal to 1, and all the partial denominators 6; 
are positive integers, while the first term b) may have any 
integral value; it has therefore the form 


i 
l bees 


It is denoted by [b9; 61, bs, . . . 7 On. . & J. 

It can be shown that every regular infinite continued 
fraction converges, and represents an irrational number; 
conversely, that every irrational number can be developed 
into-a regular continued fraction in one and only one way, 
and this continued fraction is necessarily infinite. 

A regular continued fraction [bo, bi, bs, . . . , bn... J 
such that 6,4, = 6, for every n, that is one of the form 


ee es ID bok hae ae I hie bee le 
pela ian Gees 


bt te +... 


in which the elements bo, b;, . . . , 6,1 repeat themselves 
periodically, is called periodic. 

It can be shown that a periodic regular infinite con- 
tinued fraction represents a quadratic irrational number, 
and conversely that the regular continued fraction into 
which a quadratic irrational can be developed is always 
periodic.+ 

318. Conditional and Unconditional Convergence.—The 
question of convergence of a continued fraction is quite 
different from that of series and products. In series and 
products it is the ultimate behavior of the terms which 
determines the convergence or divergence, and the terms at 
the beginning play no part in determining the convergence, 
but this is not true in infinite continued fractions. 


A convergent continued fraction bo + C =| ze +. 


1For proofs of these results consult Perron, ‘Lehre von den 


Kettenbriichen,”’ arts. 12, 20. 
; 19 
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is called unconditionally convergent, when it remains con- 
vergent after an arbitrary number of elements at the 
beginning have been thrown away, 7.e., when the con- 
tinued fraction 


by + Mee Geel 


Busi [ones 


is convergent for every kK = 0,1,2, . . . Otherwise the 
continued fraction is called conditionally convergent. 
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CHAPTER XXIV 
INFINITE DETERMINANTS 


319. Infinite Determinants—Let (a,,,) be a double 
sequence defined for positive integral values of m and n. 
If we form the determinant of the n order: 


Qi1 GQi2 . . . Ain 

a G9 5 
Tis 21 Ae2 an] 

Qn1 Ano . . « Ann 


and then let »— ™, we obtain an infinite determinant 


OG bake sD mee Me ae 8 mii 

Goi Gee . . . Aan . 
D= : 

On1 Ong . . - Onn . 


We may denote it more briefly by [@mn] 1. 

The elements a;; (where 7 takes all values from 0 to 
eo) are said to form the principal diagonal of the deter- 
minant D; the elements a,x, where 7 is fixed and k takes all 
values, are said to form the 7” row; and the elements ai; 
where k is fixed and 7 takes all values, the k” column. 
Any element a, is called a diagonal or non-diagonal 
element, according asi = k ort # k. 

The infinite determinant D is called convergent, divergent 
(properly or improperly), or oscillating according as the 
sequence (Dn) is convergent, divergent, or oscillating. The 
determinant is then convergent if LD, exists = D, and D 


is called the value of the determinant. 
291 
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Examples.—(1) The infinite determinant 


US pale 
Bo It me 
x ss sé 1+7 


is convergent (by Art. 320). 
(2) The infinite determinant 


is properly divergent, since D, = n! 
(3) The determinant 


et ee 
en A 8 
ase Pee.) eat 


is oscillating, since D, = (—1)”. 


[§319 


The preceding definition of infinite determinant may be 
generalized by considering @m, defined for all positive and 
negative integral values of m and n, giving an infinite 


determinant of the form 


OSS Oh or 0 eh r e4 (es er aah 26) ea O80) | Cue wil Senne mes oar) 
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320. Theorem.—An infinite determinant converges if the 
| infinite product formed by the diagonal elements converges 
absolutely, and the infinite series formed by the non-diagonal 
elements converges absolutely. 
For convenience we denote the diagonal elements by 
1 + a;; and the non-diagonal elements by ax ( # k), so 
that the determinant is 


tot ait Q12 Q13 
Qa 1 + Are 23 
Q31 Q32 1 + a33 


.) 


We are to prove that L D, exists when ][(1 +a.) and 
1 


oO 


S lanl both converge. 
i,k=1 


Since 23 |ain| converges, we see by Art. 224 that S | 


i,k=1 


ao 


converges and is = A; say, and that > A; also converges, 
* 
j=1 


hence the product 
= (1+ & laud) 
i=1 k=1 


converges (Art. 250). 
Now if we form the finite products 


m m m m 
Jee = TI(: + > a) Be = IL + > oul), 
pa k=1 i=1 Ta 
and if in the expansion of P,,, certain terms are replaced by 
zero and certain other terms have their signs changed, we 
obtain D,,. Then to each term in the expansion of D,, there 
corresponds, in the expansion of P, a term of equal or 
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greater absolute value. Now Dni,» — Dm represents the 
sum of those terms of the determinant Dm» which vanish 
when the elements: a, for 1; k =m -: 1) m+ 2, 2 2958 
m-+ p, are replaced by zero; and to each of these terms there 
corresponds a term of equal or greater absolute value in 
Po Py & Hence 


Diep ae Dal < Pe ae fees 
Since P,, > a limit as n > ©, it follows that 


Piste Pa ee 


for m = mo and for every p, however small «. Hence 
Deon Dadi eft ome 


so that by the general principle of convergence, D, >a 
limit, and the determinant D is convergent. 

321. Theorem.—An infinite determinant which converges 
remains convergent when the elements of any row are replaced 
by any set of elements which are less in absolute value than 
some fixed number. 

This may be proved by methods similar to those used in 
Art. 320.1 
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CHAPTER XXV 
HIGHER TRANSCENDENTS 


322. In this chapter we shall give a very brief introduc- 
tion to the principal higher transcendental functions defined 
by infinite processes. 


GAMMA FUNCTION 


323. The Gamma Function.—The function defined by the 
infinite product 


—Cz 
T(z) = = 


Pie+D- 


ale 


where C is Euler’s constant, is called the Gamma function. 
We have seen in Art. 261 that the infinite product 


TG +2)e% 


is convergent and defines a function which is continuous for 
all finite values of x which are not negative integers, and 
which does not vanish for such values of z. 


1 Tt can be proved that when z > 0, this function is also represented 
by the Eulerian integral 


o 
e-"u?—ldu. 
0 


(See Pierpont, ‘Theory of Functions of Real Variables,” vol. II, 
art. 228.) 
295 
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Theorem.—The Gamma function is a continuous function 
of x for all finite values of « which are not zero or negative 
integers, and it vanishes for no finite value of x. 

324. Theorem.—The Gamma function may be represented 
by the form 


n?-(n — 1)!. 
i) eG wD ... @&@tn—1) 
For if we put P 
Ht n=-(n — 1)! 
Ga(2) “aanlce 4 1)” Se dace Gane a 
we may write 
pee 


G(x) =* 


ot). 


and since 
HH, —logn =C, > C, 
or 
log n = Nae 1 ; 
Se allay Gurl ave rate’ ye te hea Cre 
where 
C’, > C, 
we obtain 
eR 1 . 
F jOtatat tebe 
NCO a9 x x x 
Gerd | Clary Beet ee 
eet 2 
Boel - 
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If we now let n> ©, we get 


x 
—Cx cs 7. 


Tf € = T(z). 


ee es 
n 


é 


LG) = 


325. Theorem.—A nother expression for the Gamma func- 
tion is 


|e 

cht 
— 
— 
| 
Sie 

% & 


i@)-< 
x n=l af + — 
n 
For if we put 
1 x 
1 ( ie) 
P 
gn(x) = = = 
pel > Le 
Dp 
we find 
fy zlog(1 += 2 
1 e e 
Po ee 
p=1 I\ p 
(1 +—)e 
Pp 
But 
os bf x 
feC+)-3 
1 
and 


a mee, 
HG + =) eo 
7 Pp 
are both convergent. We have then 
n 1 1 
ie [toe 2 +5)-3] 
Jn(x) ~ pat n x : 


«JT ee 


Dial 
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Now 
1G Teer 5)~sl 2 [log (1 +5) -= Lees 


Died 


eel 


since 


> [los (1+5)-5] = log (n+ 1) -— 


= —C",—7> -C. 
Then we have 
— C' nx 
TD eee eee 
x wor 
x: 1+ —)e 
io +2 
and letting n — ©, we find 
Pi Cz 
Lgn(2) = = Ta): 


TI +2)e* 


326. Theorem.—The Gamma function satisfies the equa- 
tion . 
(a) @ + 1): =2-Tis). 

For if we use the form in Art. 324, and put 


n*(n — 1)! 
oe iba. (c-+n—1) 


P,(@) a 
we have 


r,(@ + 1) 


(n — 1)!n-n? 


~ (@)-P D@ 2). $a.@ aH) 


ae: en pa r,(2), 


and in the limit when n — o, we get 
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Roce Y= =:a*T (x). 


For x = 1, we have for every n, I',(1) = 1, hence CQ) .= 
1. Applying (a) successively, for m a positive integer, we 
get — 

P0n)*= 1-°2°3°5°. 2 (wm —1) = Gn — DP. 


327. Theorem.—I(x) -T'(1 — x) = sa gee 
TT 


Using the definition of Art. 323, we have 


But we have by Art. 265, 


+o x 
: ON eee 
sinrc = re: If (.+<)e es 


n= —o 


and by Art. 326, '(1 — x) = —2zI'( — 2), hence we have 


T 


DO NE) ae sin 7x 


This gives a relation between the Gamma function and 
the circular functions. 


WEIERSTRASSIAN ELLIPTIC FUNCTIONS 


328. Theorem.—Let 2w,, 2w2 be two complex numbers 
such that the three points 0, 2;, 2w2 are not collinear. The 
double series 

r il “ 
(a) > (2mw, + 2nwe)? 
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where m and n take all positive and negative integral and 

zero values with the exception of m =n = 0 (indicated by 

the accent), is convergent for p > 2 and divergent for p < 2. 
Put 


Wmn = 2Mw, + 2nwe, 
then as m and n take the values mentioned above, the 


points Wm, Will be the vertices of a network of parallelo- 
grams, as in the figure, which completely cover the plane. 


Fie. 9. 


Consider the series of absolute values 


epee | 
(b) > cM 


We may replace this double series by the simple series > Bas 
where 6, denotes the sum of the terms of (b) whose indices 
correspond to points on the first parallelogram P, whose 
center is the origin 0; 62 is the sum of the terms of (b) whose 
indices lie on the second parallelogram P, about 0, etc. 

If d and D are the least and greatest distances of the sides 
of P; from 0, then each of the 8 numbers wm,, which lie 
on P; satisfy the relation. 
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CES 5s OSS 


Similarly each of the 2-8 numbers wn, which lie on Py» 
satisfy the relation 


ete. Then 
8 8 
pe SS 
258 2-8 
(Dy = & $ Bape’ 
ete. 
Hence 
8s 8s 
Dep £ YP S DY Gap’ 
or 


8 1 8 
De sis DAS Sys 


; 1 : 
Since > gpai converges when p > 2 and diverges when 


p < 2, our theorem follows at once. 

329. The o Function.—Let wo be any arbitrary complex 
number, and 2w, and 2w. two complex numbers whose ratio 
is a pure imaginary. Then the points representing wo + 
2mw, + 2nw2, where m and n are any positive or negative 
integers or zero, will be the vertices of a network of parallelo- 
grams, all equal to the parallelogram P, which has its verti- 
ces at the points wo, uo + 2w1, Uo + 2w2, Uo + 201 + 2we. This 
network will cover the whole plane. The parallelograms 
such as P are called elementary parallelograms. 

Let us put 


w = 2mw, + 2nwe, 


and consider the function defined by the doubly infinite 
product 


302 THEORY OF INFINITE PROCESSES [§329 


(a) Sli wT = = : 


where m and n take all positive and negative integral and 
zero values except m = n = 0. 


Fie. 10. 


This infinite product is convergent. This may be proved 
by showing that the series of logarithms of the factors is 
convergent; this series is 


; u uU eres 
(0) Ss log (1-2) + S455 f. 
If we choose that branch of the logarithm of (i-*) 


which tends toward zero when w— ©, the general term of 
the series can be written, by developing the logarithm into 
a series, 


us (1 lu 1 y? 
te stra a iteya Wars aa IPR oe iE 
The ratio 


tends toward 1 when w — ©, so that it suffices to prove the 
convergence of the series (b) to show that the series 
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Cit eae 
23 eg = 
is convergent, but this has been done in Art. 328. Hence 
the infinite product (a) is convergent. 

This infinite product (a) being convergent then defines 
a function c(u), the Weierstrassian sigma function. The 
function o(w) vanishes only at the points wu = 0 and u = 
Ww = 2mw, + 2nwe; it never becomes infinite for finite 
values of wu. We see that the function has one simple zero 
in each elementary parallelogram, and only one; all these 
zeros are similarly placed in the network of parallelograms. 

The function o(u) is an odd function, that is 


o(—u) = —o(u). 


For since m and n take all values from — © to + ©, we 
may change the signs of m and n in the product (a) without 
changing its value; we have then 


/ 1 ere anh 
o(u) =u- |] (1 a a ew ts os 
If we now change u into —u, we get, by comparison with 


(a), o(—u) = —o(u). 
It follows from the infinite product that the ratio aD — 1 


when u — 0. 
330. The ¢ Function.—We define a new function ¢(u) 
by taking the logarithmic derivative of o(w): 


(a) 


t(u) = 5, 18 o(u) = 
1 1 if U 
-i+> | — 4-44). 


This series shows that the function ¢(w) has for simple 
poles! all the points wu = 0, uw = 2m + 2nwe. 


1 At a pole a function becomes infinite while its reciprocal becomes 
zero; at a simple pole the reciprocal has a simple zero. 
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This ¢ function is odd, for o(w) is odd and hence its 

Te: ; a’(u). 
derivative o’(u) must be even, so that the quotient mer is 
odd: ¢(—u) = —f(u). 

331. The © Function—We now define another new 
function by taking the negative derivative of the ¢ function: 


2 


d d 
— af ™M a Shas log o(u) 
1 f 1 1 
‘ar > fa —w)? =e 


This function being the derivative of an odd function - 
must beeven. It has for double poles the points u = 0, and 
U = 2ma; + 2nwo. . 

The most remarkable property of this function is its 
double periodicity: that is, it admits the two periods 
2w1, 2we, so that 


(a) @(u) 


l| 


@(w + 201) = P(u), P(u + 2we) = P(u). 


For, if we form the difference ®(u + 2w:) — ®(u), we 
have 


Nie eek 
(u = 2w1)? uU 


+ >| (uw + oe —w)? (u | 


1 1 
re y te — 2(m — 1)w, — 2nwe]? [uw — 2mw, — mal 


e(u + 2wi) —# (u) = 


where the last summation is extended over all values of m 
and n without exception. This last sum is evidently zero, 
since for proper sets of values of m and n the terms cancel in 
pairs. We have then 


(0) B(u + 201) = P(u), 
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and similarly we find 


(c) P(u + 2w2) = P(u). 

If we integrate these two relations we find 
(d) S(u + 201) = ¢(u) + 2m, 
(e) f(u + 2w2) = ¢(u) + 2n2, 


where 71, n2 denote constants of integration. 
u = —w,, and then wu = —ws, we have 


$(@1) = €(—@1) + 2m, F(w2) = £(—we) + 22, 


from which, since ¢(u) is odd, we obtain 
(f) ms = $(w1), m2 = £(w2). 
If we integrate the relations (d) and (e), we get 


log (u + 21) = log o(u) + 2niu + loge, 
log o(u + 2we) = log o(u) + 2n2w + log c’, 


which may be written 


o(u + 20) = ce’"o(u), 
o(u + 2w2) = c/e™"a(u). 


Making u = —w, and then u = —w., we find 
C= = e1i"i, c’ = — rs. 
Hence the function o(u) satisfies the two relations 


| o(u + 201) = —enUtoe(y), 
(9) o(u + 2we) = — embed (y), 


305 


Making 


These functions o(u), ¢(u), &(u), which we have very 
briefly discussed, form the basis of the Weierstrassian 


theory of Elliptic Functions. 
20 
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An elliptic function in general is a doubly-periodic 
function which is analytic (except at poles), and which has 
no singularities other than poles in the finite part of the 
plane. Any elliptic function may be expressed in terms of 
Weierstrass’ functions ®, ¢, 0. 


THETA FUNCTIONS 


332. The Theta Series.—Let 7 =i+ i’, t’ >0, bea 
constant, and put gq = e™”, so that |g] < 1. Then the series 


may be shown to be convergent by the ratio test, so that it 
defines a function 6(z), which may be written 4(z, q) or 0(z|r) 
when we wish to indicate the parameters gq or 7. 

We have 


6(j2) =1+2 > (—1)" g” cos 2nz. 
n=1 
We find 
(a) O(2 +7) = (2); 


also 


+a 
O(z + 17) = >» (—1)” gr gq?” e2niz 


+o 
= —gole-2i > (—1)rttg +08 inthis 


(b) .., 02 + ar) = —q-e?*- 6(z). 


From these two results (a) and (b), the function 6(z) is 
called a quasi doubly-periodic function of z. 

It is customary to write 64(z) in place of 6(z); then three 
other types of theta functions are defined as follows: 
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(c) 63(2) = 04 (2+ 5) =-f.4-9 oy q” cos 2nz; 
1 
6,(2) = Secs e alg + x 
+0 
(n+346)2 (2n-+1)i 
(d) =-i> (-)-9 Soe 


l| 


= (n +34)? 
2 >» ( —1)"q *” sin (2n + 1)2; 
1 


(e) O2(z) = 0,(2 a5 5) = 2 > gue. cos (2n + 1)z.2 
0 


The function 6:(z) is an odd function, and all the others 
are even functions. 
Written out at length the theta series are: 


6.(z) = 2q% sin z — 2q% sin 32 + 29° sin 52 — . . . ; 
62(2) = 294 cos 2 + 29% cos 32 + 2q°* cos Be ++... ? 
63(2) = 1 + 2q cos 22 + 2q4 cos 424 + 2gcos6z+ ..., 
64(2) = 1 — 2q cos 22 + 2q4 cos 42 — 2q®cos6z + .... 


Any elliptic function may be expressed in terms of these 
theta functions. 

The theta functions may be expressed as infinite products, 
as follows: 


6:(2) = 2q’4sin Z: II (1 —q"™*) - II (1 — 2q?" cos 22 +q **), 


n=1 n=1 


— 2(z) = 2q’* cos 2° Ila — q). Ila 2g?" 08,22. 4g), 
1 


1 


@3(z) = Ifa ae) -[[a + 29?! cos 22 + q*"-2), 
1 1 


oz) = [La — 9) - [fa — 29-1 cos 22+ gi), 
1 1 


1There is considerable divergence of notation for the theta functions. 
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For proofs of these results, see for instance WHITTAKER and 
Warson, ‘Modern Analysis,” pp. 469-470. 


HYPERGEOMETRIC FUNCTION 


333. The Hypergeometric Series.—The series 


a:B ala —- 1) -8(6 is 1) 
Dae TOE cad a a 
ola + 1)( + 2)-BB+NYC+2) 0,4 

£208 v(y + 1) (vy + 2) 


‘is called the hypergeometric series. It defines a function 
F(a, B, y, x), called the hypergeometric function. 

To find the region of convergence of this series. apply 
the ratio test; we have 


oo 


(a + n)(B + n) “fal 
Diep 

which — |x. Thus the series converges absolutely for 
|x| < 1, and diverges for |x| > 1. 

To test its convergence at the extremities of its interval 
of convergence, we must make a special investigation. 
First let 7 = +1. In this case the terms finally become all 
of one sign, and we have 


to? chelate yey 

n? + nia + B) + a8 
Applying Gauss’ test (Art. 118), we find that the series F 
converges when and only when a + 8B — y < 0. 

Now let x = —1. The terms finally alternate in sign. 
To show that this alternating series is convergent we must 


prove that the terms continually decrease and approach 
zero. We have 


An+2 


QAn4 1 


An+1 


An+2 


Anal = ——- 
[ant i 


(at I@+2)... @tne@+)...@+n) 
(ist 2) GD meee 
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Writing 


atm=m1+2\6+4+m=m(1+*); 


btm am(l4 Bate =n +) 


we have 
ra +5 +5 
lanza = [TT 1 y 
mater |e 
But 
il 1 1 1 on 
m m 


where Tm > y2 as m— ©. Hence 
jd = FTC HRI RIG ~ get $B) % 


(i SER ecg UN CS fererrrermne | 
Then 


log |an4e) = pis et 1 te) 
m=1 


m? 


= Sa = dn Say, 
1 


310 THEORY OF INFINITE PROCESSES [§333 


so that 


o 


Din = L log |an4:] = ’. 


1 


Now for a, to— 0, it is necessary that }, > —®. By 
the use of Taylor’s theorem in finite form, we have 


log (1 fe “ 7 oS 7 
ae 
An 


—nfate—y-D+B], 0<om<1. 


m2 


Ifa+B—y-—1 = 0, we have 


— Nn tm (1 = note), 


which is comparable with the general term of the convergent 


; 1 : : > 
series > 1a Thus the series > lL, 1s convergent if a + 


B—y-1=0. Ifaea+B-—y-—1 +0, we have ml, > 
a+B— vy —1, so that SD lm is comparable with the diver- 


: 1 
gent series bia When a + 8 — y — 1 >0, we see that 


the terms of y ln finally become positive and > Ln 1S prop- 
erly divergent to +®. Whena+6—y—1 <0, the 
terms finally become negative and >; Im diverges properly 
to —®, and }\,— — ©. Hence, \, > — © when and 
only when a + 6 — y — 1 < 0, and then an42—> 0. Now 


42th yoy te 


QAn+2 ate 1 


An+1 


so that when a+8—y—1<0, we have lanes < 
lan+il. Hence, in this case the hypergeometric series is an 
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alternating series satisfying the conditions of Art. 81, and so 
is convergent. 

We can now sum up in the following: 

Theorem.—The hypergeometric series F(a, B,y, x) con- 
verges absolutely when |x| <1 and diverges when |e] > 1. 
When x = 1, F converges only when a +B — y <0, and 
then absolutely. When x = —1, tt converges only when 
a+tPp—vy-—1 <0, and absolutely whena+ 6B - y < 0.! 

334. The Hypergeometric Function.—The hypergeo- 
metric series being a power series with radius of con- 
vergence = lI, defines a function F(a, 8, y, x) when |x| <1. 

This function F(a, 6, y, xz) satisfies the differential 
equation 


wl — 2) 9 4 fy— (a+ 6t al — afu = 0. 


Many important functions can be expressed in terms of 
the hypergeometric function; thus 
e! Se au)” = Ei cm, B, B, 2), (p arbitrary), 
lox +- 2) =2F (1,1, 2, :—2), 


eo LF(4, B, 1, 4) 


3 a 
snz= L «Fla, B,= — —), 
> a, B © H 2 4a 

iy 
cosh x ea a, B, 2 dap)? 


etc. 


We have also 
ey se. 58) 
F(a, 6, Y) 1) a Ty — a) Tr (y =m B) 


when the real part of (y — a — f) is > 0.? 


1 PyprpPont, “Theory of Functions of Real Variables,’’ vol. II. 
2For proofs of these statements, see Wuirraker and Watson, 
“Modern Analysis,” chap. XIV. 
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LEGENDRE FUNCTIONS 


335. Legendre Polynomials—If (1 — 22h +h?) be 
expanded in a power series in h, and we write 


(1 — 22h + h2)” = Po(z) + h.P.(z) + h®P2(z) 


+ h3P3(2) +... , 
then we find 
P,(z) = 1, Pilz) = 2, P2(z) = 44622 — 1), oes = 
16(5z3 — 82), 
P,(z) = 14(3524 — 3022 + 3), Ps(z) = 14(632° — 702? 
+. 152), 2 cog 


and generally 
aan n(n es 1) n—2 
ee. 7, 20n — 1) * 
rue = Te 2) eee 
Tg de (nen) Ona opts 


(2n — 2r)! sites 
= >(- Le 2" - ri(n —n)!(n — 2r)!* y 


r=0 


PZ) = 


where m = ln or 14(n — 1) according to which is an 
integer. 

These expressions Po(z), Pi(z), Pe(z), . . . , which are 
all polynomials in z, are called Legendre’s polynomials.! 

It is found that the function u = P,(z) is a solution 
of the Legendre differential equation 

(1 — 2) 4 22 ot SE eres iye rei) 

336. Legendre Functions.—In the preceding paragraph 
the degree n of the function P,(z) is a positive integer; 
P,(z) can be defined for non-integral values of n. 

It is found that the Legendre differential equation is 
satisfied by the function 

1 They are also sometimes called Legendre coefficients or zonal 
harmonies. 
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ami (2 — 1)" 
: 2nt Jo 2"(t — grt! ue 


even when 7 is not a positive integer. This expression is 
denoted by P,(z), and is called the Legendre function of 
degree n of the first kind. 

P,,(z) can be expressed as a hypergeometric function by 
the formula 


P,(2) = F(n +1, —n, 1, % — %e). 


Legendre’s differential equation is also satisfied by the 
function 


Steal (2 — 1)" 
Q,(2) 47 sin me 2"(2 — jeri. 


This function Q,(z) is called a Legendre function of degree 
n of the second kind. 

The importance of the Legendre functions lies in the fact 
that any arbitrary function can be expanded in a series of 
Legendre functions. If 


f(2) => AoP o(z2) + a,P (2) “ a2P 2(z) a Sm uete eH anP (2) 
me eons 


ei? J 
we have 


dn = (n +34) f S@)P,(a)de. 
BESSEL FUNCTIONS 


337. Bessel Functions.—The series 
x yn 
(a) f(x) Sa se Dae R aS Gee aes ) 


converges for every x. For the ratio of two consecutive 
terms is in absolute value 
|x? 


2°(n + 1)(nt+r+1) 


which — 0asn— © for any z. 
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This power series thus defines a function of x which is 
everywhere continuous. This function is called a Bessel 
function of order r: sometimes also called a Bessel coefficient. 

We have 


x? at 6 


Lil sa oy ae oar ee 
ha) =3- +e g-maeerete 
Feiss ard TEED 
, 
eI eGEDE) Oe | 


The function J,(x) satisfies Bessel’s differential equation 
hg a TO =a 
ae Fy = 0. 


By a study of the general solution of this differential equa- 
tion we are led to a generalization of the preceding Bessel 
coefficients, giving Bessel functions J,(x) and Y,(z), 
defined for non-integral values of r; J,(x) is called a Bessel 
function of the first kind, and Y,(z) a Bessel function of 
the second kind. 

An arbitrary function f(x) can be expanded in a series 
of Bessel functions: 


foo} 


ACV = Danka. 
0 


338. Theorem.—The function e” 2 can beexpanded into 
a series in terms of Bessel functions of the form 


u—u-1 


u ane 
Lalarne puere s >: UI n(x) 


for every x and jor any u # 0. 
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For 
SP Tae Chae ae 
LU LY x3u3 
Gs oe torah ue | 


Yb - gto | 


These series are absolutely convergent for every x and u # 
0, hence they may be multiplied, giving the product 


es 1-6) +a5mG) - es | 


+«[5—5() +amG) - sage 
+u [5-5 (5) +m (G) - ee | 
BW aie ete Wes Aiea 


= Jo(x) + uJi(xz) + wJe(v) +... 
_ Sale) 4 Fe) _ Hs) 


U u? 


This result shows why J,(x) is called a Bessel coefficient. 


939 Theorem. —J.4i(z) = 4 TaN ey eee 


For 


grt a gentr-t 
Sr) oF TCRSAV re antr—1. nt (n nem At 


and 
gy entr-1 


Jit) = — 2 Sr a Q2n+r-1(n, — J)! (n +17) ? 


sv that 
tl 


Jae) — Jnnl®) = gag ot 
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© gentr-1 1 1 
S > (—1)" or ke +r—-D! @—-Diat+ Ti 


n=1 
he sat gentr-l 


x ae 
[op ann pai Gal 22+-Int(n +r)! 


gentr 


r o 
x > ( ah) Q2n+r—-In I (mn + ry)! 


340. Theorem.—2J’,(z) = Jr-1(a) — Jrii(x), (r > 0). 
For we may differentiate the power series for J,(x) and 
get 


*rI.(2). 


/ 7 CRE 
J'(t) = ne Ui gate anttaeel 


From Art. 339 we i 
Jp1(z) — Frit) = 


art 


Fo — 1)! 


= Pe eS a 
* py Cas 220tr—! wl ae 


. -) & ; (Qn + r)x2"+r-1 < 3 
a7 > ( 1) 22-+7-In!(n +r)! = 2J',(x). 
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EXERCISES 


1. Illustrate the conceptions of upper and lower bounds, limiting 
points, and upper and lower limits, for the aggregates: 

(@) 1, 2,8, Se Ce OES eee 

leet 1 

Ooi omnes ‘ 

(c) i ys, ea 28, Vas Ay Oe: 5 7) 75; 46, : 5 4 

(d) 1 4, } 43, ie ¥, 4, 8, 36, Px) 206 U 

2; Find the upper and lower bounds, and upper and lower limits, 
for the sequences: 


(a) = +2 (m=1,2,8,.. .,n=1,2,3, ) 
() 2n te = 238 ae. |) 
(©) 14+ (-1 + (“1-2 @ =1,2,3 2.2). 
(@) 1+ (-1 +4 @=1,2,3,...) 
(e) 1+ (-1-2 @ =1,2,3, ) 
(f) ——__—_,, (» = 1,2,3,.. -). 

1+ (-1)2+ 


3. Find the upper and lower bounds, upper and lower limits, and 
the limit, if such exists, for the sequences: 
Le ak ah at 1 
(a) 1, 5’ 3’ 4’ 8 eave Dara A 
(b) Ma, M4, 2 38, ya, ? 34, 6; 5s oo. 
(c) 1, —2; 3, rae 5, —6, . 


(d) won =1+ Migieen (tid Sh ey, 


1 1 1 1 1 
(€) Uangi = I $y" Usng2 = 3 par am any Uan43 = Sas au ’ 


mi 


Wen SWAG = Wy sy os Ne 
4, Determine the upper and lower bounds, and upper and lower 
limits of the following sequences: 


ates (UP ay 
317 
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Peles! 
(b) Ua = (—1) Saab 

(Cc) Un = 2 + (—1)*(2n + 1). 

(d) un = 2n +1-+ (—-1)*-n. 

5. Prove: If L(un+on) = W, and Lu, = U, then Lv, exists and 
[se —s-o eee 


If Lunv, = P, and Lu, = U # 0, then Lv, exists and is = iy 


U 
8 Fas = Q, and Lv, = V, then Lu, exists and is = V-Q: 
If Le = Q ~ 0, and Lu, = U, then Lv, exists and is = a 
6. ee: If Lu, = U, then 
UOaste Us02) We ne te Gee 
L maa Ie green Tas =Lo i tuet . . . + Un)- 
7. Show that Abel’s partial summation formula may be written 
8 s—1 
D, (an — anna) bn = DS) an(On — brs) — arabe + dads, 
n=r n=r 
8. Prove: If Lu, = U>0, then Lvfaas eT 


9. Derive Cauchy’s theorem (Art. 50) from Ex. 8. 
10. Prove that if Zn(an — adn-1) exists, when La, = a, its value 
must be 0. 


Tir ind Toe: (1 ae s)* 

12. Find Lv/n. 

13. Find Ln(W/a, — 1), when La, = a. [Use Art. 54]. 
14. Find I> 4/nl. [Use Art. 50]. 


15. Find L od ee [Use Art. 56]. 
z—0 
16. Find LZ + 2 + +. [Use Art. 38 and Ex. 5]. 
n nP 
17. Prove that 
7 n )\=5 
nP p+ijy 2 
18. Show that if ap = 1 +3 +3 Snes +3 then 
1 Gate ane 
=e — Us 
n 
40:-Ghow- that 26S Gee gh eve eee 
* 2 log 2 3 loge oe log Gena 


+ Sle then 
p log p 
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L(* +8; + Yee tS _ s,) =0, 
n n 
20. Prove: If lx, lov,1;x, . . . denote log z, log (log x) or log log z, 
logloglogz, . . . , respectively, then 
pie +) _ 1. 
z Lax 


[Prove for r = 1, then for any r by mathematical induction.] 

21. Prove: If 7 denotes log.( ), and \ denotes logs(_ ), then 
pe ww La 

CUCL Ove 


[Prove by induction. ] 
22. Prove that 


H 
Le lel (= |) 
[ write 7 EES Thi. libs ele ait. 


hie vans dan 2 Tatas Lun In 
23. Prove that 


From this derive 


M log M Mn 
fe SE NS Mags oe 


Mas 
24. Evaluate Le"*n’, Ln~* logn (a > 0, b > 0). 


1 1 
] z—] ; -1 
26. Evaluate the limits: L (. oe ) Vite ee 


«z—0 zl 
z—1 
L (1 + log z) = 6, 
zl 


26. Prove in detail the examples of Arts. 63-64. 

27. Express the results of Arts. 48, 49, 51, 58, 59, 60, 61, 62 in 
terms of the infinitary notation. 

28. Prove that if f:(x) = Olg(x)] and fo(x) = O[g(zx)], then fi(z) + 
f2(x) = Olg(a)]. 

29. Prove that if f(z) = Ofag(zx)], then f(x) = Ofg(z)]. 

30. Prove that if f(x) = o[g(x)], then f(x) = O[g(x)]. 

31. Prove that if fi(z) ~f2(x) and fo(x) ~f3(x), then fi(z) ~fs3(z). 

$2. Prove that if fi> 91, fe>g2, then fi +fe > gi + ge. 
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33. If P»(x), Qn(x) denote polynomials of degrees m, n, whose first 


coefficients A, B are positive, prove that: 


(a) Pula) ~ 4. Qala), (m =n), 


(6) Pn(z) > Qn(x), (m > n), 
(OME (Dac Ax. 

34. Prove: (a) & > a*, logz < 2. 
(6) «+asinz ~g, 


(6) = = O(e), 
(a) 282 = of, 


(C)iRHi as les. logit, 
(f) Hz —logn~C, 
Qi < we 


35. Write out the first five terms of the following series: 


foo} foo) 


Bhs On ee eae eee 
ne >» 2” >> n? >, pie 
1 1 


1 1 1 


> n(n + 1), See > (2r)?, > Ge Sr Ss (—1)"*1 


1 
> aT > a 1)’ » org im = 
> an 1 xn? > (—1)#*1 Le 


2 


36. Find the n term of each of the following series: 
14+42+3444. 
1 1 1 1 
mt 3a tg tm t = er 
V+3?+5F+7274+ .. 
1-2-—2-34+3-4-45+ .., 
3 3? 3° 3! 
52 102 t ise t got - 
fe ea) 
mAb SH al 
Speck maaer eran os eee, 
1 1 1 
AUN ROY SBEM IGE UK orace ey ec 
Bp Ses tne ae ad ce 


1 
2n—1 


’ 
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DEY S405 bet 
Peer 3 tack is 31807 
9004 Fa.6 9-4-6187 


1 
37. Prove that py RaW res is divergent, by writing 


Dias en VED 
and finding S,. 
38. Test for convergency: 


eg et ope 


1 1 
O1l-BtyR- yt 
Cy es eis ite hia Wes mer Ste aan 
oe I as tee er a Bie eae 
(ey) 14-34 4+%e + 7a t 
39. Prove that if M,+#0 for every n and LM, = + o, then 


Mrs a M,, . . 
ph ee is convergent. [Find S,.] 


40. Test for convergency: 

CHEN sei ras la) cys Se a 

Oe +4 +i +. . 
1 


1 1 1 
Chis ee ean 


1 1 
(d) Pear aee IN / at toa 
1 1 1 1 
2 8/3 49/5 
41. Compute to four decimal places: 
@1l-gtpopt--- 
wal al 1 


1 
(0+) 5 — 93 “St oo BL or mt 
pce asa 
(c) 1 — 93 + 33 ~ rev aae f 
SOE Rd eS ba Ween ee 
QM i373 3t3gigs- a git; ee 
21 
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42. Test for convergency: 


(2) \3+ Nat Vi ENE 


phen! 
(() 1 — a3 t+ 5 at 


eee ara) Eee Oss 
1 1 
DOS" Va BAR Toa 
43. Test for convergency: 
Ogee ae es 
pee T2600 Oe 1 
1 1 1 
ONG? at he Sab 
Teg tT il 1 1 
Ostrtaat3ataa 
(eee 
@ @a+i1 @+2 ae a 
4,44. Test for convergency: 


ee See 


hee 


OO) bo 


2 4 2n 
d 
a eae Soa eS Gee aa oie Com 
45. Apply Raabe’s test to >: 


46. Test the series 
1+3-5 +3334... 4 
by applying Gauss’ rule. 
47. Test for convergency: 
1 1 1 
Ga +0) * @ + b)(a +2) t @ + 2a +3) 
2 3 4 4 


Tein arena 


(0) 


oni 09 
Nie 
Nie 
ou 


() 5+ rata 


1 
2 
@ sgts-qtpet 


@ 3+2(3) +3(2) i 


ay 
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48. Test for convergency: 

@) 3 +ae+a5+4 

a = = = = 
A/S NB a3 RB 
RN PAE 2°4-6 

(b) are at RT 10 + baie 


@) 1+5 +5 +H ie Pees 


(d 


wm 


stutmtout 


1S eat ea y* Sgt Peo eaes 
@) stgstge at. 


49. oe for SEES 


(a é 


s+3 att at ge 
@ 5+54+5+h+... 


Ww 


4 
oe Be A 
at a 
OOS ee ee ree 
ear 
@1-5+5 Saigon eae 


. £60. Test for convergency: 


(a) Sane ed’. 


(n = 1)? 
© year 


n+l 
(c) 2 nin 3) 
@ > Qn + pe 
n 
© Lary 


1 1 


5 1 
51. When is "gar -- 1+ 22? + 1+ 328 + .. . convergent? 
; 1 1 
52. When is 7 + a +7 cs ce aes + .. . convergent? 
1 2 
The Go) Oe a eS Taw ae 


divergent when a > 0. 


54. Apply Cauchy’s integral test to 2; : . 
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55. Apply the ratio test and radical test to the series 


a+b?+a3+b4+.. pia ee 
56. Salt er the convergence of 
eee m ore min oe 
4 (Sipe —1). = (m —n +1) rt 
57. Discuss the convergence of ; 
> natlog ny 


for a > 1, B 2 0, and also for B < 0. 
* 68. Test >a for convergence for k = 0, and for k #0, by 
applying Bertram’s tests. 

59. Test > gq”? and De q’x2"(0 < gq < 1) for convergence. 


60. Prove that a necessary condition for convergence of the positive 


series > Qn is 


La, = 0, Lnan = 0, Lnanlin = 0, Lnaalinlen = 0, 
61. Test for convergency: 


ost 
o > 3 - 

pee 
CONOM aes 
CD rere 


62. Show that Day is convergent. 
) 


2 3 n 
63. Test 7 vanes seek = tO ee 


for convergency. [Use ratio test.] 


1 : 
64. Test 2) (een® by the radical test. 


1 ; 
65. Test > AICTE) by Raabe’s test. 


1 4 ; 
66. Proves-gt+aqta.5 5g t . . . divergent. 


67. Prove that > (— 1)*"! sin 2 is conditionally convergent. 
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ik 1 1 1 1 
ee eo es5 Gay. 910 11, 1371s; 1b PY 
the telescopic method. 
t 2! 
69. Test — ae ea De + 3) 
‘G i 1G " Gk 3) . . by Raabe’s test. 
1 a 1 
c/70. Test 1 — 357 Pee 3 ee + LY ou 
ing the terms in pairs and applying Raabe’s test. 
a Dia? 
ries 0 
a zt+a, i (@ + ai) (24 + az) 
Beg® ; 
ie oa Oe ae at . . wherea,— a, by Raabe’s test. 


72. Test > n! Gy by the ratio test. | 


73. Test for convergency, by the comparison test: 


(2) > an (e) Dy n = @) y es 


Cains Olmep Obey 
oa ODT 3)-al ayy 
OPE Ola @ ot = S 


74. Test for convergency, by the ratio test: 


@ > Op yee Op) ee 
OLerp OLE ples 


75. If for the series De and aE we have Un — Unsi < mm — 


Un+i, for every n, can we conclude that SS, Un converges if > Vpn CON- 


il 1 
verges? Ex. tm =I1 mare Tiga) 
LN 1\2 i Ne 
76. Test (1 +3) ~(1 +5) +( +3) et 
2 
+ (=p +) + . . . for convergence. 


77. Find the radius of convergence: 


igo aps 5H 
CORO ea ea Bente anapenr Us aoe 
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x3 


(b) 4 ibe mtg + . a 6 
(c) 1+27+37?+4e3 +... 
(ue feel ony tis x 


/2 a a/4 ve" 
egy © 68 
(e) 1 eee Ete te + . 
78. Find the radius of convergence: 
(a) >) (-1)4z)". 
ae 
(0) 


(e) > nx, 


79. We what values of x does 
Ue se 
a+3 a T +5 eS 
4s 3° 2 .. 2a—1 gmt 
Zo&s He 2 Wn 2n+1 
converge? For « = 1, test by oa. rule. 
80. Find iy oe PE convergence: 


@)1+3 ea +2 sana 
(b) 1 a athe He +. 
(c) pat tot — pat + : 


# teen 


mem 
3! 
81. Find ee i of convergence: 


payee heats Setee Sa? +, 


nies piste < fos 


Bran ak oen oe 


38 5 LO won. or oir 
(b) 2(2a)? + 3(2x)* + 2(2x)4 + 3(2x)5 4. 
mn — 2) m(m — 2)(m — 4) 
(c) maz + ae zl et, 
x fe es) cs 


Pane es ae, 


‘ 
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(e) 1+ 324 57?4+ 7734+ 9244 . 
82. Test for convergency: 


Ot il Oo Cae\ a Ryn. AVS 
a a zs) +3(a Ba ae ta 


ap ay 2 ay 8 
(Seale sa OES 


(c) 2 45() +5()'+ 


9, 10 25 an? + on + 2 4 
Qatgt ter... + are Ste Sar’ 
83. Test for convergence 
Pe et eat ep 

Te. Pee BioS  oteBtge oh 

1 2n-1 
D ipaSnea a onde oe eo 


The ratio test does not apply; but compare with s ri Also find 


radius of convergence by radical test. 
+o 
84. Test » ez ton” by applying the fdienl test. Prove it absolutely 


convergent for p < 0 and divergent for p = 0. 


= — n-1 a soe 
85. Show that >) ‘ 2 yes 1a >0,8B>0,e+ 8B> 
il 


1, can be multiplied by moe rule. 


— ) for absolute convergence, 


86. Test the series + -F D3 (S rar 


by the comparison test, using >: a) 


87. Test for convergency: 


(a) Sy sin na. 
(b) >- —sin o . 


Seite 4 A 
(c) va sin7 [Find Lnun.] 
88. Test the series 

: ie AB ge Lae 
NEE 2 = 3 ay n 
sinz + 5 sin 2+ 3sin tes ot ae a A 7 in e+. 
89. Prove sin 2x = 2 sin zcos x by multiplying the series for sin z, 
cos Z. 
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90. By multiplication of series, prove that 

(=) Itetert+.. J? =(1+2r24+3279+47'+...)= 
Ce 2 aes : 

(b) 2sin?z = 1 — cos 22. 

91. From the expansions for sin x and cos z, derive 


3 
OFT eat ser’ 
4 
seer =1+— a+ i 
= — 3 Ee‘) 
tan x nt+qe + aot. 
92. Show that if > jun(x)| is uniformly convergent in an interval 


(a, b), 80 also is SS Un(@). 
93. Prove that the series 


a-2)+(z 3) + = S)+. 


is uniformly convergent in —1 < x < 1. 
94. Discuss the convergence oe the series 
(a — xe-2”) 4+ (we7=” — Qre-2*") +. 
and prove that it is not uniformly convergent in any nee extending 
up to the origin. 
95. Discuss the uniform convergence of the series 


(l-—2) -—-2di—2)4+272°1—27)+...+4+(-1)a(1-7)4+... 
96. Show that SE is uniformly* convergent in (0, ©) by 


using Weierstrass’ test. 


@ 


97. Show that > (a, cos nx + b, sin nz) is uniformly convergent in 
0 


(— 0, + 0) provided Gn. b, are absolutely convergent. [Appl 
pply 


Weierstrass’ test. } 


98. Test the series 1+ 27 + 3724+ 4734+ .. . for uniform 
convergence. 
99. Show that ‘ 


1 
a ae ’ 
V1 —k? sin? ¢ 
where 0 < k < 1, is uniformly convergent for all values of ¢. 
100. Show that 


&- [ta i+ Oe Gyes | 


DAG Ag 1-3 ; he 
Lt+5k sin & +5 gq ht sin’ ¢ + Jee sec 
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101. Test the series 
sinz , sin?z . sin?z 
1+ 1” 9% 3% re 


for uniform convergence. 
102. Show that the series for which S,(z) = nze~””’ cannot be inte- 
grated term by term. 
103. Differentiate the series 
sinz — sin 2z + 4 sin 82 — W sin 424 . 


term by term. The given series represents the function 5 for —7 < 
z < 1; but the series of derivatives does not represent the derivative 


of 5 for it does not even converge for values of z other thanz = 0. 


Prove. 
104. Show that 
1 z 22 
eee Giby be7.0 


oat 

Gn —1)(Qn+1)(2n + 3) + 
converges uniformly in a circle within the unit circle. Integrate term 
by term. 


3 5 
105. Show that z — a + a — .. . converges uniformly in any 
finite region. Differentiate and justify. 


106. Discuss the uniform convergence of 


Zz Be mee® rhe 
(eS ene: piney michel tierra aa ia 
Phan, Hake G9 gn? 
Dy Gig ss eet 
107. Show that the two series 
Pe eo 2) 4 1:3:5 G2! 
oT. 1 er) ane pear Re Bam ra 
aes es Seg o——il)2 eee liso (gi!) 2 
De TAT Pa SAG © Rt 
have the same region of convergence. 
108. Test for uniform convergence: 
l+-asing+2z?sin 20+ 23sin3e+ ..., la<X <1, 
sing , sin?z , sin? 
el eagsaek rose re te ee la < X < w, 
109. Show that the series 
Zz = 22 ft z4 fe 
1—2 1-—2° 1 —28 ‘ 


converges for all values of z except for values on the unit circle. 
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110. Prove that 
x a? 


2 es 
ET ga (Pea 
is convergent for all values of z, but not uniformly convergent in an 
interval including the origin. 
111. Determine the region of convergence of 
PF eal SlaW Pema BIN VAC BI 
z el z Neat zZ eae 
112. Derive the expansion of 
LBD ee 52° 
ee D 14.91 + ealt ; 
113. Discuss the convergence of the Laurent series 
1 1 Noel eee 1 


Pie many Wag neon oe ee at 4! 8 


1 
114. Carry the reversion of the following series to terms in the fifth 
power: 
(a) y =sine =a — ex? + =. 
(CC) Phe eo ee 
(c) y = 2x2 + 3822 + 4e3 + 
115. Examine the double sequence Umn = Se taat — ; for double and 


repeated limits. 


: PTS 
116. Examine the double sequence tnn = (—1) recent for 
double and repeated limits. 
S mn mn? 
117. Examine the double sequences ann = rT. Onn = ae 


for limits and convergence. 
118. In the double series 


1+ 2+ 4484+. 
ea eye to ee 
Seton 1-2-. 
ig a eae 


SIR: os 
examine the row- Sua cate -series and the diagonal-series and the 
repeated summations for convergence. Is the double series itself 
convergent? 

119. As in Ex. 118, examine the double series 


Or 4x0 ae Ore Dusters 
Site 0 sali Oa Ouae 


# 
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+0-1+4+0+4+1+40 
+0+0-14+0+4+1 
+0+0+0-1-+0 wees 
pt hes Dekh are ie ee Pee 
120. Examine the doe series 

2+0-1+0+0+40 
IE ps Aare a 
-1+0+2+0-1-+0 
—1 

=a. 0 

+2 


+++ 


+0 —-1+4+042+0 

+0-+0-1+0+42 

4+40+0+0-1+0 Ade 

ee i ne a AION CE) Sh AE OE 
121. Sou ee 


122. Roe ia convergence of the following double series: 


@ Yep @ Peps 
i ae ee 


123. Investigate the double series with the partial sums 
g ip m se 1 a 


m + 2 
and determine the terms Umn. 
124. Test the following infinite products for convergence: 


©G-)O-)0-D 
oO+D)O+)0+h 


¢) A+a)1+e)(1+ae)1+2%)... 


Oe es) (i= ara! eo) ide 
@ (1+3)0- a)O+a)G~5) -- 
. (1 - alt a)G- v7 
0 DE-DOHNE-D.- 


125. Show nat] (1 of is absolutely convergent, IG — ‘is 
1 2 
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zero divergent, 1: + vj)is divergent, and] (1 _ is abso- 


lutely convergent if z < 1 and has zero for sh value if z = 1. 


126. Examine HC: = =): Ila -2 ae 


127. Prove that 
I(: Saye 
n(n + 1) 3 
2 


fo} 


128. Show that 


ees ae 


n+l 


129. Investigate the convergence of 
r eae 
He +r logn 


120. Prove that: If for every x in a region B, we have |un(x)| < An, 


2 
3 


and if > A, is convergent, then Il (1 + un(x)) converges uniformly 
in B. 


"181. Prove that HC: ob <<") is conditionally convergent for 
2 


122 = \. 
132. Prove that 


oe 


where p takes all prime values 2, 3, Dendy 
133. Prove that 


= a x & a (—1)*2" 
II(: Fy aay > Ne been ee 


134. Evaluate the infinite integrals: 


+? ga3dx aoe “ade _ 82a? 
x? + 4a? a set 265 ee 
135. Test for convergence: 


‘ dx °  gtdx ° dz 
w@ | V1 + 2? wf (a? + 22)?’ (©) | eens 


De 


= © 
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1 
log «dx 
(d) f br eee 


136. Prove that [ e-** cos badx is absolutely convergent when 
0 


o10, 


137. Prove that i} — * dz is divergent. 
0 


138. Develop 14 into a Fourier series valid from 0 to 7. 

139. Find the Fourier series representing x + 2? in the interval 
—at <<. 

140. Show that if x is not a multiple of 27, the series 

1 + cos'x + cos 2a -+ cos 32 -+- cos 4a + . 

is summable (C, 1) with Sum %. 

141. Show that the infinite continued fraction 

ee Sn (Seat Yee 


Peay SB 7 ees 2n — 1 
is equivalent to the harmonic series >; and is therefore divergent. 


142. Show that the infinite continued fraction 
ee A OR Se a ee i fens 
LO le 0 14 On VL re 0 1 
is equivalent to the series 


1 
eee et Sees 5 en Oe 


> 
nP 


143. Show that the continued ration] i 


converges if 0 < 
n=1 


p < 2; that | converges if0 <2 < 1. 


1 
n=) 
144. Transform the series 
1 1 1 1 eee bY 
Oo) 5 aha eee ei ar em at ar eric aa eae 


into an infinite continued fraction. 
145. Expand e*, sin z, cos z into an infinite continued fraction. 
146. Prove that for p a positive integer, 


wg oat Dh 
pelt (2 + p)T(z) = ml 
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integrals, 256-259 
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